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Abstract

Standard production network models with only technology shocks predict that
industry size and centrality move in opposite directions. Yet in UK data, they co-
move positively: larger industries are more central as input suppliers, and industries
that grow tend to become more central. We trace this tension to the elasticity of
substitution across intermediate inputs: when it is below unity, as we estimate,
technology shocks generate a negative size-centrality relationship. Demand-side
shocks resolve the puzzle. Applying the framework to the UK post-2010 productivity
slowdown, we find that manufacturing-specific shocks more than account for the
slowdown, while common shocks partially offset it.
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1 Introduction

How shocks propagate through production networks and generate aggregate impacts
depends on two characteristics of the industries that are hit: their size and their centrality
as input suppliers (e.g., Hulten, 1978; Acemoglu et al., 2012; Baqgaee and Farhi, 2019;
Baqaee and Farhi, 2020). But do large industries also tend to be central? And when an
industry grows, does it become more central in the network? Using UK data, we show
that the answer is yes on both counts—and that this fact is difficult to reconcile with
standard models of production networks.

This positive size-centrality relationship, which holds both in the long run and over
the business cycle, has sharp implications for the types of shocks present in the economy.
Specifically, we demonstrate both analytically and quantitatively that canonical production
network models featuring only technology shocks cannot generate this relationship when
intermediate inputs are gross complements, as the data suggest. Introducing demand
(preference) shocks resolves this tension. We apply our framework to the UK’s post-2010
productivity growth slowdown and find that idiosyncratic shocks to the manufacturing
sector have been the dominant driver.

Our analysis proceeds in four steps. First, using input-output data for 79 UK in-
dustries over 19972019, we document the empirical size-centrality relationship. We
measure industry size by real gross output or Domar weights, and centrality by first-order
(weighted) outdegrees. The positive association holds both in time-averaged levels and
in year-on-year growth rates. The latter finding that an industry’s size and centrality
tend to move together over time is particularly informative for our analysis, as it confirms
that the input-output network responds endogenously to shocks, a feature central to our
theoretical results on the identification of shock types.

Second, we set up a multisector general equilibrium model with a production network,
building on Atalay (2017). The model features both technology (supply) and preference
(demand) shocks, and industries aggregate their intermediate inputs using a CES technol-
ogy with elasticity of substitution £;,. We simplify the model to derive analytical results
on how industry size and centrality respond to each type of shock. The key insight is
that the direction of the size-centrality co-movement depends on the interaction between
ey and the nature of the shock. When €); < 1, which is the empirically relevant case, a
positive technology shock to an industry raises its real output but lowers its centrality,
because the resulting price decline reduces the industry’s share in other industries’ input
expenditure (the “price effect” dominates the “quantity effect”). This generates a negative
size-centrality relationship. By contrast, a positive preference shock raises both the
industry’s output and its centrality, generating a positive relationship. Therefore, models

with only technology shocks predict a counterfactually negative relationship between real



output and centrality outside of the steady state.

Third, we calibrate the full dynamic model to UK data, estimate £, ~ 0.35 using an
instrumental variables strategy based on military spending, and filter out the complete
set of technology and preference shocks. The model-implied size-centrality relationship,
computed from the filtered shocks, confirms the analytical predictions: technology shocks
alone produce a strongly negative correlation between real output and centrality, while
the combination of both shock types generates the positive correlation observed in the
data.

Fourth, we apply the framework to analyse the UK’s productivity growth slowdown
following the 2008-09 recession. Our production network model allows us to go beyond
standard accounting decompositions (e.g., Tenreyro, 2018) by identifying the underlying
shocks—both idiosyncratic and common—and tracing their propagation through the
network. We find that idiosyncratic shocks to the manufacturing sector account for the
bulk of the aggregate slowdown. Common technology shocks, by contrast, have made a
modestly positive contribution to the post-crisis change in aggregate productivity growth,
partially offsetting the drag from manufacturing. Manufacturing’s outsized role reflects
both its large Domar weight and its high centrality as an input supplier: shocks to
manufacturing propagate powerfully downstream through the network, consistent with

the mechanisms emphasised in Sections 3 and 4.

Related Literature. This paper contributes to two strands of the literature. First, we
contribute to the literature on the role of production networks in economic fluctuations.
On the theoretical side, a central question is how industry size and centrality shape the
macroeconomic impact of microeconomic shocks.! Hulten (1978) shows that in an efficient
economy, the industry’s sales as a fraction of GDP—a measure of its size—is a sufficient
statistic for how a productivity shock to that industry affects aggregate TFP, up to a first
order. Bagace and Farhi (2019) extend Hulten’s theorem to the second order, showing that
an industry’s centrality in the production network plays an important role in shaping the
second-order impact of sectoral productivity shocks on aggregate TFP. Bagaee and Farhi
(2020) further show that in an inefficient economy, both size and centrality matter even at
the first order.? We contribute to this literature by studying the relationship between these
two key objects both empirically and theoretically. First, using UK input-output data, we

document a new empirical fact: industry size and centrality co-move positively, both in

1Some examples include Acemoglu et al. (2012), Carvalho and Gabaix (2013), Jones (2013), Acemoglu,
Ozdaglar, and Tahbaz-Salehi (2017), Grassi (2017), Bagaee (2018), Liu (2019), Bigio and La’O (2020),
Boehm and Oberfield (2020), and Altinoglu (2021). See Carvalho and Tahbaz-Salehi (2019) and Baqaee
and Rubbo (2023) for surveys of this literature.

2While the literature typically focuses on supply-side shocks, Acemoglu, Akcigit, and Kerr (2016)
analyse demand-side shocks and show that their propagation through production networks differs from
that of technology shocks.



the long run and over the business cycle. Second, we provide an analytical characterisation
of how industry size and centrality respond to both technology and preference shocks,
showing that the sign of the size-centrality relationship depends on the interaction between
the elasticity of substitution across intermediates and the nature of the shock.

On the quantitative side, a long tradition of multisector models has studied whether
and how sectoral shocks translate into aggregate fluctuations (Long and Plosser, 1983;
Horvath, 1998, 2000; Dupor, 1999; Carvalho, 2010; Di Giovanni, Levchenko, and Méjean,
2014). Our model builds most directly on Foerster, Sarte, and Watson (2011) and Atalay
(2017), who develop dynamic multisector models with input-output linkages and use them
to filter out sectoral shocks from data on industries’ output. Both papers focus exclusively
on technology shocks and rely on industries’ output growth to back out the shocks. We
extend this approach in two directions. First, we introduce preference shocks alongside
technology shocks, motivated by our finding that technology shocks alone generate a coun-
terfactually negative size-centrality relationship when industries cannot easily substitute
across their input suppliers. Second, we use data on both value-added and prices—rather
than output alone as in previous work—to separately identify the two types of shocks.
Our finding that demand shocks are essential for matching the empirical size-centrality
relationship is, to our knowledge, new.?

Second, our application to the UK productivity slowdown contributes to the litera-
ture on the post-crisis “productivity puzzle.” Since the 2008-09 recession, UK labour
productivity has fallen persistently below its pre-crisis trend, prompting a large body of
research into its causes.* At the sectoral level, Riley, Rosazza-Bondibene, and Young
(2015) and Tenreyro (2018) document that manufacturing and finance account for the
bulk of the slowdown in an accounting sense. These decompositions identify where the
slowdown occurred but not why: they do not distinguish whether the observed slowdowns
in manufacturing and finance reflect sector-specific shocks, common shocks, or shocks orig-
inating in other industries and transmitted through the production network. We address

this gap by using our production network model to identify the underlying shocks—both

30n the empirical side, a growing body of work has traced the propagation of shocks through
production networks using natural experiments and microdata. Acemoglu, Akcigit, and Kerr (2016)
provide broad evidence on upstream and downstream propagation using US input-output data. Barrot and
Sauvagnat (2016) and Boehm, Flaaen, and Pandalai-Nayar (2019) document the downstream propagation
of firm-level shocks using natural disasters, and Carvalho et al. (2021) quantify the aggregate effects of
supply chain disruptions following the 2011 Great East Japan Earthquake. Bernard, Dhyne, Magerman,
Manova, and Moxnes (2022) study the origins of firm size heterogeneity in Belgian firm-to-firm transaction
data, finding that downstream network features—especially the number of customers—account for the
vast majority of firm size dispersion.

1See Barnett et al. (2014) for an early overview. Proposed explanations include capital shallowing
(Pessoa and Van Reenen, 2014), mismeasurement of intangible investment (Goodridge, Haskel, and Wallis,
2013), and impaired resource reallocation in the aftermath of the financial crisis (Riley, Rosazza-Bondibene,
and Young, 2015). Goodridge, Haskel, and Wallis (2018) argue that the slowdown is fundamentally a
TFP puzzle, since it cannot be accounted for by changes in labour or capital inputs.



idiosyncratic and common-—and trace their propagation across industries. Our finding that
manufacturing-specific shocks are the primary driver provides a structural interpretation
of these earlier decompositions: manufacturing’s persistent drag on aggregate productivity
reflects not only its own decline but also the downstream propagation of this decline to

its many customer industries.

Outline. The rest of the paper is organised as follows. Section 2 documents the empirical
size-centrality relationship using UK data. Section 3 develops the model and derives
analytical results on the size-centrality relationship. Section 4 takes the model to the data
and confirms the analytical findings quantitatively. Section 5 applies the framework to

the UK productivity slowdown. Section 6 concludes.

2 Data and Stylised Facts

In this section, we document the empirical relationship between industry size and centrality.
We establish that larger industries tend to be more central in the UK production network,
both in the long run (corresponding to the steady state in our model) and over the business
cycle (corresponding to deviations from it). This positive size-centrality relationship serves

as the key motivating fact for the model we develop in Section 3.

2.1 Data and Definitions

We study the UK production network using the input-output supply and use tables
provided by the Office for National Statistics, which record intermediate input flows
between industries at the 2-digit SICO7 level over 1997-2019.° For a given year, these
tables record the nominal value of intermediate input flows between all pairs of industries.
We construct the (weighted) input-output matrix W, whose typical element w;;; gives
the share of industry 7’s total intermediate input expenditure accounted for by inputs

sourced from industry j:

Pji M

- (1)
fozl Pry My

Wijt =

where Pj; denotes the price of good j in period ¢ and M;;; denotes the quantity of good j
used in the production of good 1.

We measure industry size in two ways: (i) real gross output (();:), which captures

absolute size, and (ii) the Domar weight (\;;), defined as the ratio of industry j’s nominal

gross output to nominal GDP, which captures relative size. We measure industry centrality

®No comprehensive firm-level dataset on input-output linkages is available for the UK. See Appendix
A.1 for a detailed description of the data.



using the first-order (weighted) outdegree of industry j:

N
D%ut = Z Wijt; (2)
i=1

which measures the importance of industry j as a direct input supplier to other industries.
This measure ranges from 0 if an industry supplies no intermediates to other industries,

to N if a single industry is the sole input supplier of every industry in the economy.”

2.2 Empirical Size-Centrality Relationship

We now present the main empirical finding of this section: a positive relationship between

industry size and centrality, both in the long run and over the business cycle.®

Long-run relationship. Figure 1 plots the time-averaged levels of outdegrees against
real output (left panel) and Domar weights (right panel) for all 79 industries. There is a
clear positive (and possibly non-linear) relationship, with larger industries on average also
tending to be more central. Importantly, since the sum of outdegrees across industries
equals N = 79 in each year by construction, there is no concern about a spurious

relationship driven by, say, a common time trend.

Figure 1. Scatterplot of the average levels of outdegrees and real output and Domar
weights, by industry
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5The first-order weighted outdegree is a standard centrality measure in the production networks
literature; see, e.g., Acemoglu et al. (2012) and Carvalho (2014). In Appendix A.2, we consider alternative
centrality measures, including second-order weighted outdegrees and Bonacich centrality.

"While the Domar weight measures the importance of an industry as an output supplier to the entire
economy, our chosen measure of centrality measures the importance of an industry as an input supplier
to other industries.

8In Appendix A.2, we provide additional results on the UK production network, including the empirical
distribution of outdegrees and Bonacich centralities, the stability of input-output linkages, and clustering
in the production network.



Business-cycle relationship. Focusing on each industry separately, Figure 2 plots the
correlation between the year-on-year growth rates of outdegrees and our two size measures.
The correlation is positive for 68% of industries when size is measured by real output,
and for 76% when measured by Domar weights. In other words, for most industries,
periods of growth in size also tend to be periods in which they become more central in

the production network.

Figure 2. Correlation between the growth rates of outdegrees and real output and Domar
weights, by industry
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Interpretation. From a modelling perspective, we interpret the relationship in Figure 1
as reflecting the steady-state size-centrality relationship, and that in Figure 2 as reflecting
the size-centrality relationship outside of the steady state. Regarding the latter, in a
Cobb-Douglas economy—in which all elasticities of substitution are unitary—the input-
output network does not change in response to shocks, so industries’ centralities are
time-invariant. In such an economy, Domar weights are also invariant to shocks. The
significant time variation we observe in the data is thus inconsistent with a Cobb-Douglas
aggregation of intermediate inputs. This motivates the CES specification we adopt in the
model.

In sum, the evidence points to a robust positive size-centrality relationship, both in
levels and in growth rates. In Sections 3 and 4, we ask whether standard quantitative
models of production networks can generate this relationship, and show that the answer

depends critically on the types of shocks present in the economy.



3 Model

In this section, we present a multisector general equilibrium model with an input-output
network, which closely follows Atalay (2017). The economy is populated by a representative
household and N perfectly competitive industries. The key departure from Atalay (2017)
is that we introduce preference (demand) shocks, in addition to technology (supply)
shocks. As we show below, this extension is essential for the model to replicate the positive
empirical size-centrality relationship documented in Section 2.

This section is organised as follows. We first lay out the baseline model (Section
3.1). We then simplify it to derive analytical results on how industry size and centrality
respond to shocks, showing that a model with only technology shocks cannot replicate
the empirical size-centrality relationship (Section 3.2). We return to the baseline model
to present the log-linearised equilibrium expressions for size and centrality (Section 3.3)

and describe our shock-filtering procedure (Section 3.4).

3.1 Baseline Model

3.1.1 Households

The representative household derives utility from the N consumption goods produced by
the N competitive industries and disutility from supplying labour. The preferences of the

household are given by

L cLsti

€D
[e'e) N en er—1 ep—1 N cLs
D& b e €Ls
Eo Y B |log — C,°P - Ly 7
> > S Dot ; ol

t=0 =1 =1

where [ is the subjective discount factor, & is the time-invariant relative importance of
good 7 in aggregate consumption (with Zf;l & = 1), Dy is a preference shock to good i
in period ¢ (with D;; = 1 for all 7 in steady state), Cj; is the final consumption of good
1 in period t, and L; is the labour supply to industry ¢ in period ¢. The parameter p
governs how easily the household substitutes across consumption goods, and €15 governs

the elasticity of labour supply.



3.1.2 Producers

Industry ¢ produces a quantity Q;; of good i in period t using capital (K;), labour (L;),

and an intermediate input bundle (M;;) according to the following production function:

£
eg—1 ni%

Q
| L (KN Ly \TU\ e et
Qit:A?tZ (1_/%’)5@ (( ) ( : ) ) +MZ‘QMZ‘,§Q )
a; 1-— a;

where A;; is the factor-neutral technology level of industry i in period ¢, p; and «a; reflect

long-run averages in each industry’s usage of intermediate inputs, labour, and capital (to
be inferred from factor cost shares), ¢ is the elasticity of substitution between value-added
and intermediates, and 7); parametrises returns to scale (; = 1 for constant returns to
scale and 0 < n; < 1 for decreasing returns to scale).

The evolution of capital in each industry is given by
Ky = (1 —0g)Ki + Xis.

The capital stock is accumulated via an industry-specific bundle of investment goods, Xj;,
and depreciates at a rate dx, common across industries. The industry-specific investment

bundle is produced by combining the investment goods of potentially all industries:

€

N 3 -1 ex—1
Xi = (Z (%) = (Xij0) =x ) ;

j=1

where Ff; governs the importance of industry j as an investment-good supplier to industry
i, X;j: is the quantity of investment good j used by industry ¢, and ex is the elasticity of
substitution across investment goods.

The intermediate input bundle of industry ¢ is defined analogously:

N 1 eyl s;;\g
M = <Z (D) o (Mige) o ) ) (3)

j=1

where I‘f‘f governs the importance of industry j as an intermediate-good supplier to
industry ¢, M;;, is the quantity of good j used in the production of good 4, and €, is the
elasticity of substitution across intermediate inputs. We say that intermediate inputs are
gross complements if ), < 1, gross substitutes if €); > 1, and Cobb-Douglas if €, = 1.
As we show below, €, is the key parameter determining the size-centrality relationship.

Finally, the market-clearing condition for good j requires that output is allocated to



consumption, intermediate use, or investment:
N
Qit = Cin + Y _(Myjs + Xijo). (4)
i=1

3.1.3 Exogenous Processes

Let A; = (Ay, ..., Any) " and D; == (Dy, ..., Dn;) " denote the vectors of technology and
preference shocks, respectively. We assume that the evolution of A; and D; follows a

geometric random walk:

log Ay = log Ay 1 + Wf"
log D; =log Dy + th,

where we impose no restrictions on the variance-covariance matrices.

3.2 Simplified Model

Before solving the benchmark model, we build intuition on how industry size and centrality
respond to shocks in a simplified version of the baseline model. The aim is to identify
the conditions under which the model can replicate the positive empirical size-centrality
relationship, documented in Figure 2.

To this end, we simplify the baseline model in two ways. First, the discount factor (3),
the elasticity of substitution of demand (¢p), and the elasticity of substitution between
value-added and intermediates (g¢) are all assumed to equal one. Second, we assume away
capital for each industry by setting a; = 0 for all 7. These assumptions reduce the model
to a static economy, though it retains a non-trivial temporal dimension as the endogenous
variables respond to varying shocks over time."

Under these assumptions, the preferences of the household simplify to

erstl

N
, €Ls
U(Chts ., Cve, Ly) = log [ [ €3 = LS, (5)
ey ers + 1

where v;; == D&/ (Z;VZI Dj&;) and Ly = Zfil L;;. The budget constraints are given by

N N
Z Py Cyy = WLy + Z IL;,
i=1 =1

9We retain the time subscript to reflect that repeatedly observing this economy under different shock
realisations generates time variation in the endogenous variables.



where II;; is the profit from industry i. Each industry’s production function simplifies to
Qu = (AuLy " My)",

where M;; retains the CES form in equation (3). Note that all elasticities are set to unity
except epr. This is deliberate: as we show below, €, is the key parameter determining how
shocks affect the size-centrality relationship. When €;; = 1, the intermediate input bundle
reduces to Cobb-Douglas, and expenditure shares on individual inputs are invariant to
shocks. When ¢,; # 1, these shares—and hence the input-output matrix W;—respond

endogenously.

3.2.1 Equilibrium Conditions

We provide selected equilibrium conditions here; the full characterisation of competitive
equilibrium is in Appendix B. Cost minimisation by industries yields the conditional

factor demands for intermediate input j and the intermediate input bundle:

ﬂ%‘ — s i—lte
Moo — GniphiQ th ! (Pi]tw)u Y Fz]'\f (6)
iyt — A'tPiA/[ )
i g
QU W (P
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where ¢ =[] #i[n:(1 — p;)]"47#) and P} is the ideal price index associated with

industry ¢’s intermediate input bundle M:

1
l—epr

N
M _ M 1—51\4
Py = E Fij Pjt
Jj=1

We normalise the consumer price index, P;, to one. Next, we derive our measures of

industry centrality and size in this economy.

3.2.2 Industry Centrality

We measure industry centrality using its first-order (weighted) outdegree, as defined in
(2).1° Combining the definitions in equations (1) and (2) with the optimality conditions
(6) and (7), the first-order outdegree of industry j can be expressed as

N N PtM " N v P't 1—61»1
unt _ Wit = i il L Fz (—J) . 8
Jt ; Jt Z pZQ/IMzt Z J szg/f ( )

i=1 i=1

0Tn Appendix B.3, we show that the conclusions of this section extend to other commonly used
centrality measures, including second-order weighted outdegrees.
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The last expression reveals that industry j’s centrality depends on prices and the parameter
en. In particular, D;?,‘ft is strictly increasing in industry j’s own price Pj; when ep; < 1
(gross complements), strictly decreasing in Pj; when €); > 1 (gross substitutes), and
independent of Pj; when ), = 1 (Cobb-Douglas). Since price changes in this economy are
driven by technology and preference shocks, equation (8) links the response of centrality
to the underlying shocks.

To build intuition, decompose the (i, j)-element of the input-output matrix W, as

P; M P; PMNM
it {P% } lMi } [Piﬁ” P; Y ©)
—— /

~
price effect quantity effect

Suppose that industry 7 is hit by the positive technology shock that reduces the marginal
cost of industry j and thus lowers the price of good j. Since good j is only one component
of industry #’s input bundle, the bundle price P} falls by less than Pj;, so the relative
price Pj;/P}M declines—this is the price effect. At the same time, all industries want to
source more from the now-cheaper industry j—this is the quantity effect. If 5y = 1, the
two effects exactly offset, and w;j;; is unchanged. If e5; < 1, the quantity response is muted
because industries cannot easily substitute across inputs, so the price effect dominates:
wij¢ falls, and so does industry j’s centrality. If ep; > 1, the quantity effect dominates,
and centrality rises.

Now, consider a positive preference shock to good j that shifts up the demand curve
and thus increases the price of good j.'' By the same logic, w;j; rises if €y < 1 and falls
if 57 > 1, so the relationship between the preference shock and centrality is opposite to
that between the technology shock and centrality.

In Section 4.1, we estimate £, and find that the empirically relevant case is €;; < 1.
In this case, a positive technology shock decreases industry j’s centrality, while a positive

preference shock increases it.

3.2.3 Industry Size in the Simplified Model

We consider two measures of industry size: real gross output (Q);;) and the Domar weight
(Ajt), defined as the ratio of industry j’s nominal gross output (P;;Q;:) to nominal GDP.
We consider both because, as we show below, prices play a key role in the size-centrality
relationship, and the two measures respond differently to shocks.

Real output. Real output @);; increases in response to a positive technology shock

(rightward shift in supply) and in response to a positive preference shock (rightward shift

HTn this static model, preference shocks affect relative prices only under decreasing returns to scale
(i.e.,, m; < 1). Under constant returns to scale, relative prices are entirely independent of the demand side.
This is not the case in the dynamic baseline model—under constant returns to scale, preference shocks
can affect relative prices (and thus industry centrality).

11



in demand, provided v;; > 0). Thus, both types of shocks move real output in the same
direction.'?

Domar weights. In equilibrium, the Domar weight of industry j is given by

N o L@ PG Sy PieMije
Jjt — N - N N )
Zizl Pitcit Zizl Btoit Zizl Pitcit

(10)

where the first equality follows from the expenditure approach to nominal GDP, and the
second equality follows from the goods market-clearing condition (4). This equation can

be expressed as'?

N
Ajt = Vit + Z Mi HiWijt it -
i=1
Assuming n; = n and u; = p for all ¢ for simplicity, we can write this in matrix form and

solve for the Domar weights:
—1 2
A= Iy —quW/ ] "y = [IN + W[ + (nu)? (W)™ + } o (11)

where \; == (A1, ., Ane) T, Y o= (316, -, yne) |, Iy is the N x N identity matrix, the
matrix [I —nuW,]™" is the Leontief inverse (more precisely, its transpose),'* and the
second equality uses the power series expansion. Equation (11) shows that the Domar
weights depend on two objects: preference shares and the corresponding column of the
Leontief inverse. Intuitively, on top of the sales that an industry generates by selling
final goods to the representative household, its total sales in equilibrium also include the
sale of intermediate goods which ultimately get transformed into final goods sold to the
household.!®

Now consider a positive technology shock to industry j, which lowers P;;. As argued

in Section 3.2.2, w;j; falls when €3, < 1. This then implies that the entries in the j-th row

12While any industry’s real output and Domar weight may respond to shocks originating in other
industries, the majority of variation in an industry’s size and centrality tends to be driven by its own
shocks. We demonstrate this in Section 4 using the calibrated baseline model.

13To see this, the first term on the right-hand side of equation (10) is the expenditure share on good j
and thus equals «;; under Cobb-Douglas preferences (5). The second term on the right-hand side can be
rewritten as

N N N
Y oicq PjeM;jy PjiM;je PY My PiuQg _ Zwijtni/iiAit,

Zi\il P Cy i—1 PthV]Mit PitQit Zj\il P Cy i=1
where the last equation follows from the definition of w;;¢, industry i’s expenditure share on the intermediate
input bundle, and the definition of the Domar weight.

14This matrix records the direct and indirect exposures through the production network. In particular,
the (j,4) element of the Leontief inverse measures the importance of industry 7 as a direct and indirect
input supplier to industry j in the economy.

15Tn the extreme case where the production network contains no non-trivial linkages (W; = Iy), the
Domar weights simplify to Ay = [1 4+ nu/(1 —nu)] ve = (1 —nu) " 1y,.

12



Table 1: Effect of Technology and Preference Shocks on Industry j’s Centrality and Size

Variable Positive Technology Shock  Positive Preference Shock
(45t 1) (Dje 1)

Industry centrality (D3;") N 0

Industry size: Domar weight (A;¢) + 0

Industry size: real output (Q;) 0 0

Notes: The effects shown assume €37 < 1 (gross complementarity across intermediate inputs).
The signs reverse for negative shocks. See Sections 3.2.2-3.2.4 for derivations.

of the matrix W, fall. Therefore, equation (11) implies that \;, falls, since the positive
technology shock will leave v; unchanged. Conversely, a positive preference shock to
industry j raises the j-th element of v; (and lowers the others, since Zfil v = 1) and,
when ey < 1, raises w;;;. Both channels push Aj;; upward.

Therefore, for the empirically relevant case where £;;, < 1, there is a negative re-
lationship between the technology shock and Domar weights, while there is a positive

relationship between the preference shock and Domar weights.

3.2.4 Summary

Table 1 collects the results from the preceding analysis for the empirically relevant case
ey < 1. Technology shocks move centrality and real output in opposite directions: a
positive technology shock raises output but lowers centrality. By contrast, preference
shocks move all three variables—centrality, Domar weights, and real output—in the same
direction.!

The key implication is that models featuring only technology shocks—as is standard
in the quantitative production networks literature (e.g., Atalay, 2017)—imply a strongly
negative relationship between real output and centrality outside of the steady state. This is
inconsistent with the positive empirical relationship documented in Figure 2. Introducing
demand-type shocks can reconcile the model with the data. We confirm this finding

quantitatively in Section 4.3.

3.3 Equilibrium in the Baseline Model

We now return to the baseline model of Section 3.1 and present its solution. We characterise
the non-stochastic steady state of the baseline model, log-linearise around that steady

state, and solve for the policy functions. All derivations are provided in Appendix C.

16Technology shocks may imply a positive size-centrality relationship for industries other than the one
in which the shock originated. In practice, the majority of variation in industries’ size and centrality is
driven by their own shocks, hence our emphasis on the shock-originating industry.
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The evolution of output can be written as

) wi : wi
Alog Qi1 = I11Alog Qy + [H2 : H4} ?D + [Hs : H5} ’;1 3 (12)
w w
t t—1
where Q; = (Q11,...,Qn¢) ", wit and wP are the vectors of exogenous technology and

preference shocks, respectively, and the N x N matrices I1;, II,, I3, I1,, and IlI5 are
functions of the model parameters only. We solve for these matrices in Appendix C. The
baseline approach in Atalay (2017) assumes away preference shocks (i.e., w? = 0) and
uses data on industries’ output growth to filter out the technology shocks using equation
(12). As in Foerster, Sarte, and Watson (2011), the equilibrium in this model permits a
VARMA(1,1) representation in industries’ output growth rates if preference shocks are
assumed away. In contrast to them, we allow for preference shocks. Thus, to filter all 2NV
shocks in the model, we instead use data on industries’ value-added and prices, which
then admit a VARMA(1,1) representation. We present this result in Section 3.4.

3.3.1 Industry Size

We continue to use real output and Domar weights of industries as measures of industry
size. Let ¢, ;\t, and p; denote vectors of log-deviations from steady state of real output,
Domar weights, and prices, respectively. Log-deviations of nominal gross output are
ny = G + Py, and Domar weights are given by A = Dt + G — @t -t where T@t is the
log-deviation of nominal GDP and ¢ is an N x 1 vector of ones.

The two measures of industry size can be expressed as functions of capital and shocks:

Ay
AN

Py,
Ay

@,
A,

@,
Aq

wf‘—l—

= Al%t + th, (13)

where all matrices in square brackets are functions of model parameters only.

3.3.2 Industry Centrality

As in equation (8) in the simplified model, the first-order outdegrees can be expressed as a
function of prices: cZ?“t = Dp;, where D depends on model parameters. The log-deviation

of first-order outdegrees from their steady-state values can be expressed as
Ad™ = DAk, + Dywt + Daw?, (14)

where the matrices Dy, D,, and Dy are functions of model parameters only. Together,
equations (13) and (14) allow us to compute the model-implied size and centrality once
the shocks {w, wP} have been filtered.
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3.4 Model Filter in the Baseline Model

We now describe the procedure for recovering the full set of technology and preference
shocks from data. Denote by v; the vector of log-deviations of value-added from the
steady state. In our baseline calibration, we set £ = 1 (see Section 4.2), which implies
0y = ¢ (Appendix C.3). Thus, by matching value-added data, we simultaneously match
industries’ real output. We target value-added since we do not observe output growth by
industry at a quarterly frequency. Since outdegrees depend only on prices (see equation
(14)), matching price data ensures that the model also matches industries’ centrality.
Appendix C.3 shows that our model filter follows a VARMA(1,1) process:

A
W

D )
Wy

where all matrices only depend on the model parameters in Table 3. Solving for the shocks

{/a vd
f)a f)d

V, 0
0 P,

Ay
Ap,

Va Vd
Pa Pd

. A
Adyy Wit1

Aﬁﬂrl

D
Wit

yields
A -1 1 - A 1 re - "
th Va Vd A’Ut_H _ Va Vd V»U 0 A’Ut B Va Vd Va Vd Wy
wil P, Py Apir1| | Pa Py 0 P,| |Ap| |Pa Py P, P4| |wP
)
With some initial conditions for the technology and preference shocks (e.g., w* = wP = 0),
1718

we iterate equation (15) forward to recover the entire sequence of shocks.
Once we have filtered the shocks, we compute the model-implied size and centrality

variables using equations (13) and (14).

4 Quantitative Analysis

We now take the model to the data. We first estimate the key parameter €,; and calibrate
the remaining parameters (Sections 4.1-4.2). We then filter out technology and preference
shocks and examine the model-implied size-centrality relationship (Section 4.3). The main
result of this section is that the quantitative analysis confirms the analytical findings of
the simplified model: a model with both technology and preference shocks can replicate
the positive empirical size-centrality relationship, while a model with only technology

shocks cannot.

1"We set the burn-in period to 7 quarters, discarding the first 7 filtered values. The Kalman filter
yields equivalent results. Convergence requires the eigenvalues of the relevant companion matrix to be
less than 1 in modulus; see Appendix C for details.

18Note that we do not require data on capital (lAct) As shown by Atalay (2017), after solving for a
variable in terms of capital and the shocks, the first-order log-linear approximation to the equilibrium
dynamics around the steady state has a VARMA representation, as long as an invertibility condition is
satisfied.
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4.1 Estimating the Elasticity of Substitution across Intermedi-

ates

The key parameter is €j;, the elasticity of substitution across intermediate inputs. As
shown in Section 3.2, ), governs how industry size and centrality respond to technology
and preference shocks. Moreover, as Atalay (2017) shows, this parameter will directly
affect the relative importance of industry-specific versus common shocks: when ¢, is low
(high), industry-specific (common) shocks will tend to be more important in explaining
aggregate GDP dynamics.

We estimate ), following the procedure proposed by Atalay (2017). The cost-
minimisation conditions of industry i, summarised by equation (9), yield the following

estimating equation:

P'tMi’t Pt
Alog (%) =¢;+ (1 —ep)Alog (ﬁ) + Vijt. (16)

Since relative prices on the right-hand side are endogenous, OLS is inconsistent. We
instrument using industries’ heterogeneous (direct and indirect) exposures to UK military

spending, which is plausibly exogenous to the regression error v;;.

Table 2: Estimation results for equation (16)

Second stage (I) OLS (2) OLS, Year FE ~ (3) IV (4) IV, Year FE
EM 0.680"** 0.680*** 0.273*** 0.345**
(0.015) (0.015) (0.266) (0.263)
First stage: Dependent variable is Alog(P;j;/PLT).
military spending shock;; 0.331*** 0.385%**
(0.033) (0.050)
military spending shock -0.205*** -0.185***
(0.029) (0.032)
military spending shock;¢s suppliers -0.051%** -0.045***
(0.011) (0.012)
N 35343 35343 34623 34623
Adjusted R? 0.013 0.014 . .
Wu-Hausman test p-value 0.124 0.204
Cragg-Donald Statistic 37.968 38.593
Year Fixed Effects No Yes No Yes

Notes: Statistical significance: * p < 0.10, ** p < 0.05, *** p < 0.01.

Table 2 reports the results. OLS yields estimates of £, around 0.68, but these estimates
are inconsistent due to the endogeneity of Pj/P}. IV estimation—which uses three
instruments based on industries’ heterogeneous exposures to UK military spending—yields
estimates of ), between 0.27 and 0.35, depending on whether year fixed effects are

included. All first-stage instruments are significant at the 1% level, and the second-stage
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estimate is significant at the 5% level in our preferred specification (column 4, with year
fixed effects). We set ), equal to 0.35 in the baseline calibration. Importantly, all IV
estimates satisfy €); < 1, confirming the gross complementarity assumption maintained
throughout Section 3.2.

4.2 Calibration

The remaining elasticity parameters are calibrated following Atalay (2017).'Y We assume

constant returns to scale (7; = 1) and calibrate the industry-specific parameters «a;, &, i,
rM

ij )
depreciation rate is set to 1.4%, consistent with an annual rate of roughly 5.5%, as

and Ffj(- using UK supply and use tables, averaging over 1997-2019. The quarterly

estimated by Oulton and Wallis (2016).?° Table 3 summarises all calibrated parameter

values.
Table 3. Baseline calibration of model parameters
Parameter(s) Value Source
€0 1 Atalay (2017)
EM 0.35 Estimated
Ex 1 Atalay (2017)
€D 1 Atalay (2017)
ELS 2 Atalay (2017)
7 1 Atalay (2017)
«; Average share of labour expenses in i’'s GVA UK’s Supply and Use Tables
& Average i’s share of final demand UK’s Supply and Use Tables
75 Average share of intermediates in i’s GVA UK’s Supply and Use Tables
0K 0.014 Based on Oulton and Wallis (2016)
I‘%j Average share of intermediate inputs from j to ¢ UK'’s Supply and Use Tables
Ffj(- Average share of GFCF flows from j to 4 UK’s Supply and Use Tables
B8 0.99 Atalay, Drautzburg, and Wang (2018)

Notes: ‘Averages’ refer to average values over 1997-2019. i and j denote 2-digit industries.

4.3 Model-Implied Size-Centrality Relationship

We now examine whether the calibrated model can replicate the empirical size-centrality
relationship. We filter technology and preference shocks using equation (15), and then
compute size and centrality using equations (13) and (14).

Panel (a) of Figure 3 shows the industry-by-industry correlations between our measures

of size and centrality implied by the filtered shocks. The broad pattern is mostly positive,

9Several recent papers estimate or calibrate eg to be somewhat below 1: for example, Peter and
Ruane (2023) estimate 0.6 for the US, and Bagaee and Farhi (2019) use 0.5. Our results are robust to
eg = 0.5 and to reasonable alternative values of ep (see Appendix D).

20We assume a common depreciation rate across sectors. In practice, asset composition varies across
sectors and over time, but our findings are not sensitive to reasonable variations in 5.
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Correlation Coefficient

mirroring the empirical counterpart in Figure 2. The remaining discrepancies arise mainly
because (i) the model-implied relationship cZ;;ut = Dy, does not hold exactly in the data,
and (ii) value-added and gross output growth are not identical in the data (unlike in the

model, where eg = 1 implies 0; = G;).

Figure 3. Model-implied relationship between size and centrality
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To isolate the role of each type of shock, panels (b) and (c) of Figure 3 display the
size-centrality relationship generated by technology shocks alone and preference shocks
alone, respectively. Consistent with the analytical predictions of the simplified model
(Table 1), technology shocks induce a positive correlation between Domar weights and
outdegrees, but a negative correlation between real output and outdegrees. Preference
shocks, by contrast, induce a strong positive correlation between either measure of size
and centrality.

These results have a clear implication: to match the empirical size-centrality rela-
tionship in Figure 2, a combination of technology and preference shocks is needed. A
model featuring only technology shocks would produce a counterfactually strong negative
comovement between outdegrees and real output outside the steady state. The relative
importance of each type of shocks—which depends partly on the filtering targets—will
determine the extent to which the model can match the empirical size-centrality relation-
ship.?!

Finally, recall from Figure 1 that the empirical size-centrality relationship in the steady
state is positive. This is also the case in this model, given our calibration approach. The
steady-state input-output shares are calibrated to match the average empirical values over
1997-2019, which underpin the cross-sectional patterns in Figure 1. The model therefore

matches the empirical size-centrality relationship both in and out of steady state.??

21Tn Appendix C.8, we show that industries’ own shocks account for the bulk of variation in own size
and centrality, reinforcing the interpretation of the results in Figure 3.
22 Appendix D presents robustness checks for key parameters of the model.
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5 Application to UK Productivity Slowdown

The framework developed in Sections 3—4 recovers the full set of technology and preference
shocks from data on UK industries, while accounting for the role of the production
network in transmitting these shocks across industries. A natural application is to use
this framework to analyse the UK’s productivity growth slowdown following the 2008-09
recession. Relative to existing accounting decompositions of the slowdown (e.g., Tenreyro,
2018), our approach offers two advantages: (i) it identifies the underlying shocks—both
idiosyncratic and common—driving the slowdown, rather than simply attributing it to
industries; and (ii) it accounts for the fact that, through the production network, a
shock to one industry can affect aggregate productivity via its impact on other industries,
with the magnitude of this transmission depending on the shocked industry’s size and
centrality.??

We proceed as follows. We first set up the decomposition of aggregate labour pro-
ductivity growth in terms of industries and shocks. We then present the model fit, the
accounting contributions of industries, and the contributions of idiosyncratic and common

shocks. Finally, we briefly examine the Covid-19 period.

5.1 Decomposing Aggregate Productivity Growth

Defining aggregate labour productivity as aggregate value-added divided by aggregate
labour, we can write it in log-linear form as
N
Vi- L=y (S}”@it—Liz“) — S o, — L1,

=1

where SY is the steady-state share of industry #’s value-added in aggregate value-added:

gy _ (1 - /M')H‘Qi
D AT TN

and L; denotes industry ¢’s steady-state share of aggregate labour. The growth of aggregate
labour productivity is thus given by

AY; — AL, = SY Ab, — LA
— SY <VkAlz7t + Vawf + detD> — L <LkAl%t + Lath + detD) , (17)

where the matrices in bold depend on the model parameters only.?* Equation (17) permits

28ee also Dacic and Melolinna (2022) for an earlier version of this work.
24Gee Appendix C for the derivation.
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two types of decomposition: by industry (which industry i contributed how much to
aggregate productivity growth?) and by shock (which shock—idiosyncratic or common—
drove aggregate productivity growth?). The distinction matters because an industry’s
accounting contribution may reflect shocks originating elsewhere in the network, while an
idiosyncratic shock to one industry may propagate to many others.

In addition to idiosyncratic shocks, there may be common shocks that affect all
industries. Once we have filtered out the shocks, we perform factor analysis to extract the
common component. In particular, we assume that there are up to two common factors

affecting industries’ technology.?’

We assume away common preference shocks, since,
unlike aggregate technology shocks, they lack a clear interpretation. Industry-specific
preference shocks, by contrast, can be interpreted as shifts in relative demand across
goods.?6

The relative importance of common versus industry-specific shocks will mainly depend
on two factors: (i) the extent to which the targeted variables are correlated across industries
(in our case, value-added and labour growth), and (ii) the value of £5;. If £,/ is close to 0,
industries source inputs from each other in an almost complementary fashion, implying
they do not substitute across them easily. In that case, a shock to a highly central industry
(such as finance) will act much like a common shock since many industries are exposed to
it and cannot substitute away. If instead e, is close to (or larger than) one, industries can
substitute across their input-suppliers relatively more easily, so genuine common shocks
will be a much more likely source of cross-correlation in the observed value-added/labour
growth than shocks to any particular industry, no matter how central that industry may
be.

Since we are considering a first-order approximation around a non-stochastic steady
state, aggregate labour productivity depends on industries’ value-added and labour through
the time-invariant matrices, S* and L. In our baseline calibration, the values of the
entries in these matrices are related to the average data counterparts over our sample
(1997-2019).%" As a robustness check, we also consider two alternative calibrations: one
based on the 1997 data and another based on the 2019 data. These alternative calibrations

yield very similar results to our baseline findings (see Figure E.2 in Appendix E).

2By construction, the common and sectoral (idiosyncratic) components add up to the total shock for
each industry. Note that Atalay (2017), whose dataset contains 30 sectors, allows for a single common
component. We have 79 industries, so allowing for an additional common factor seems appropriate. This
is also comparable to Foerster, Sarte, and Watson (2011), who allow for two common factors in a model
with 117 sectors.

26Nonetheless, allowing for common preference shocks, consisting of one or two common factors, has a
negligible effect on our results.

27 An important phenomenon that has taken place since the late 1990s in the UK has been the decline
of manufacturing sector’s share of labour, up until the 2008-09 crisis (from 16% in 1997 to 9% in 2009).
The steady-state matrix of industries’ shares of total labour, L, will thus not reflect the declining relative
importance of manufacturing for aggregate productivity growth solely due to its share of total labour
falling.
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To filter the shocks for this application, we match industries’ value-added and labour
growth (rather than value-added and prices as in Section 3.4), since capturing the actual
movements in industries’ labour is essential for decomposing labour productivity. The

resulting filter takes the same VARMA(1,1) form:
A
Wi
. 18
=l o

+ Va Vd w%l + Ya Yd
La Ld Wit La Ld

As before, all matrices are functions of the model parameters in Table 3. Solving for the

A,
Al

Adyyy
Al

|V, 0
0 I,

shocks and iterating the resulting equation forward, we can recover the entire sequence of

shocks.

Role of size and centrality. The attribution of the productivity growth slowdown to
industries in equation (17) will be affected by their size and centrality in two ways. First,
for a given Ao, or Ait, larger industries will affect aggregate labour productivity more
to the extent that their share of total value-added, SY, and share of total labour, L, is
larger. Second, column j € N in the matrices V; (L;) for ¢ € (k, a,d), which determine
how value-added (labour) in all industries respond to changes in industry j’s capital and
its technology and preference shocks, will generally have larger entries (in absolute size)
for larger and/or more central industries. Figure 4 illustrates this: it shows the effect of
a 10% technology shock in selected industries on other industries’ labour productivity.
Shocks to the most central industries in the input-output network (e.g., basic metals and
finance) affect a disproportionately large number of other industries relative to shocks to

less central industries (e.g., agriculture and mining).
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Figure 4. Ordered responses of other industries’ labour productivity to a 10% technology
shock in the selected four industries
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Notes: The z-axis has 78 ticks, corresponding to 78 industries other than the industry which is
the source of the technology shock (in total, there are N = 79 industries). In each of the four
cases, the first tick corresponds to the most affected industry other than the industry in which
the shock has originated, the second tick to the second most affected industry other than the

industry in which the shock has originated, and so on.

5.2 Results: Model Fit

Using equation (17), we can directly compute the model-implied aggregate labour produc-
tivity growth, since the value-added and labour dynamics are exactly matched in the data.
Figure 5 compares the resulting path with the data. The correlation coefficient between
the model-implied path and the data is 0.8 (0.6) if imputed rents and extraterritorial
activity are excluded (included).?® To quantify the growth puzzle, we compare average
post-crisis (2010Q1-2019Q4) and pre-crisis (1999Q1-2007Q4) growth. We find that the
model-implied growth puzzle is around 0.26 percentage points (pp) lower growth per
quarter post-crisis, somewhat larger but close to the data counterpart of 0.18pp.

Using the filtered shocks from equation (18) and the dynamics of aggregate labour
productivity growth given by equation (17), we can go beyond the accounting decomposi-
tion of the slowdown into industries’ contributions and analyse the importance of various

shocks in driving the puzzle. We make this distinction clear below.

28We exclude imputed rents and extraterritorial activity (section T) in the model, but we include the
ONS’s headline measure of output per worker for completeness. We do not exactly match the official
ONS aggregate data for two reasons. First, the log-linear approximation of the model dynamics does not
exactly match the ONS’s sectoral aggregation. Second, the parameters of the matrices S¥ and L are
time-invariant over the sample, unlike in the data.
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Figure 5. Aggregate labour productivity de-meaned growth: data vs. model
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Notes: *The model-implied series is based on de-meaned data on industries’ value-
added and jobs growth. The two series based on ONS data have been de-meaned
so as to ensure that all three series have the same mean over the period shown in
the figure (1999:Q4 to 2019:Q4). The two horizontal lines show the pre-2008 and
post-2010 averages in the data.

5.3 Accounting Contributions of Industries

We first decompose aggregate labour productivity growth into industries’ contributions
using equation (17). These contributions reflect all underlying shocks—common or
industry-specific—that have impacted a given industry and thereby affected aggregate
labour productivity. This exercise is conceptually similar to the decomposition in Tenreyro
(2018), who finds that three-quarters of the UK’s productivity growth puzzle can be
accounted for by manufacturing and finance.?

Panel (a) of Figure 6 shows the results of our historical decomposition. The dynamics
of aggregate productivity have been significantly driven by the manufacturing sector.
Albeit significantly smaller, the contributions from finance are also non-negligible. Note
that these contributions reflect all underlying shocks, whether industry-specific or common.
The difference between the average pre-crisis and post-crisis contribution to quarterly
aggregate productivity growth from manufacturing is -0.37pp. Therefore, the post-2010
slowdown in manufacturing growth alone can account for more than the entirety of the
aggregate growth puzzle (-0.26pp). Other sectors that have contributed negatively (albeit
to a much lesser extent than manufacturing) include mining, finance, and ICT. In contrast,

real estate, along with admin and support, and public services, have provided a partial

29The main difference relative to Tenreyro (2018) is that the linearity of aggregate labour productivity
in sectoral contributions and/or shocks here comes from the log-linear nature of the approximation around
the steady state. Instead, the approach in Tenreyro (2018) directly exploits the bottom-up aggregation of
national statistics.
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Figure 6. Historical decomposition of contributions to aggregate labour productivity
fluctuations
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offset given their better productivity performance post-crisis than pre-crisis.

5.4 Contributions of Industry-Specific and Common Shocks

We now decompose aggregate labour productivity growth into contributions from the
underlying shocks, including common shocks, using equation (17). This decomposition
differs from the accounting decomposition above: the total contribution of an idiosyncratic
shock to, say, finance includes its effect on aggregate productivity via all industries—not
only finance—through the production network. Panel (b) in Figure 6 shows the results.
We can see that the common technology shock has been important around the 2008-9
crisis years. On net, we find that its contributions have been generally more positive post-
crisis than pre-crisis. In contrast, the contributions of manufacturing-specific shocks have
been persistently negative and very sizeable since the crisis, unlike in the pre-crisis period.

It also appears that the manufacturing sector’s accounting contributions, shown in panel
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(a), tend to subsume the contributions from common technology shocks to a meaningful
degree. Intuitively, although technology shocks in this model propagate both upstream
(i.e., towards one’s input suppliers) and downstream (i.e., towards one’s input purchasers),
the downstream propagation is stronger.®’ As the most central input-supplying sector
in the economy by far, manufacturing thereby ends up absorbing most of the common
technology shock.

Figure 7 compares the average pre-crisis and post-crisis contributions of each shock
source. The red bars show that the drag from more negative manufacturing-specific shocks
post-crisis has been particularly large, at -0.65pp per quarter. This has been partially offset
by common technology shocks, which have, on average, been 0.13pp higher per quarter
post-crisis than pre-crisis. Several sectors—most notably, administrative and support
services activities (“Admin & Support”) and mining and quarrying (“Mining”)—have
experienced significantly more positive shocks post-crisis relative to pre-crisis than their

accounting contributions (reflecting possibly all shocks) would suggest.3!3

30Tntuitively, technology shocks change the prices faced by purchasers of inputs, creating powerful
downstream propagation. See Acemoglu, Akcigit and Kerr (2016) for a more elaborate discussion of
the propagation of shocks upstream and downstream in the network. Note that demand-side shocks
have much milder effects on prices and propagate mainly upstream as affected industries adjust their
production levels and thus input demands.

31 Another way to visualise the growth puzzle is to compare the performance of sectors post-crisis over
time (i.e., without averaging) relative to their pre-crisis average performance. Figure E.1 in Appendix E
shows that manufacturing is a clear outlier, having underperformed by far the most in its pre-crisis growth,
followed by finance, ICT, and mining. Our results suggest fairly persistent deviations from pre-crisis
contributions; hence, they echo those obtained by averaging pre- and post-crisis performance in Figure 7.

32In Appendix E, we show that our baseline results around the contributions of shocks to the UK’s
productivity growth puzzle are largely robust to varying e,;.

25



Figure 7. Contributions to the growth puzzle: sectors vs. shocks

I shock Contribution i
I A ccounting Contribution
|

-0.6 -

-0.7

Agriculture

Mining

Manufacturing -

Electricity

Water |-

Construction

Wholesale & Retail |-

Transportation

ICT -

Finance

Real Estate -

Professional -

Admin & Support

Public Admin

Education -

Health & Social -

Arts & Entertainment -
Other Service!

Common shock -

Accommodation and Food -

5.5 The Covid-19 Pandemic

Our sample in the preceding analysis ended in 2019Q4, just before the Covid-19 pandemic.
Including the subsequent two years in our sample,®® we find that the model continues to
match the actual data well (left-panel in Figure 8). Looking at the contributions of shocks,
our model suggests that the initial sharp downturn in 2020, as well as the subsequent jump
in the year-over-year growth rate of aggregate productivity, are primarily attributable
to a common shock (right-panel in Figure 8). This result is intuitive given the nature

of the underlying pandemic shock, which entailed broad-based restrictions on social and

economic activity.

33Given the unusual nature and size of the Covid-19 shock, we refrain from using the data in the
period contaminated by the pandemic in our baseline analysis above, and the results in this section should
be seen as illustrative.
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Figure 8. Contributions to the growth puzzle: sectors vs. sectoral shocks (dashed)
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Summary. Our production network framework yields several novel findings about the UK
productivity slowdown. First, the majority of variation in aggregate productivity growth
is driven by industry-specific shocks. Second, the common technology shock has been
more important around the crisis years, and the Covid-19 pandemic, and its contributions
have been generally more positive post-crisis than pre-crisis (excluding the Covid-19
period). Third, both in an accounting sense and as a source of industry-specific shocks,
manufacturing has been by far the largest negative contributor to the UK’s post-2010
slowdown in productivity growth. Finally, several sectors—most notably, administrative
and support services activities, as well as a number of public services—have experienced
notably more positive shocks post-crisis than their accounting contributions (reflecting

possibly all shocks) would suggest.

6 Conclusion

In this paper, we have studied the relationship between industry size and centrality in
a production network. In the UK, larger industries tend to be more central as input
suppliers, and the two characteristics move in the same direction over the business cycle.
We trace this positive co-movement to the elasticity of substitution across intermediate
inputs, which we estimate to be around 0.35. At this value, technology shocks alone
generate a counterfactually negative size-centrality relationship; demand-side shocks are
needed to match the data. Our production network framework also allows us to go beyond
standard accounting decompositions of the UK’s post-2010 productivity slowdown by
identifying the underlying shocks and tracing their propagation through the network.
We find that idiosyncratic shocks to manufacturing more than account for the aggregate

slowdown, while common technology shocks have partially offset it.
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Appendices

A. Data and Stylised Facts

A.1 Data

All data used in this paper are provided by the Office for National Statistics (ONS) and
are publicly available.

Supply and Use Tables

The supply and use tables are published annually and available to download via this link.
The vintage used in this paper was released on 29 October 2021.

Gross Value-Added (GVA) data

The data on industries’ value-added can be obtained from the ONS’s GDP(O) low-level
aggregates dataset, available at this link. The vintage we use was released on 31 March
2022. The quarterly CVM GVA data are available from 1990Q1 to 2021QA4.

Jobs data

The data on jobs per industry can be downloaded via this link. The vintage we use was
released on 15 March 2022. The quarterly jobs data are available from 1978Q2 to 2021Q4.

Deflators data

The data on industries’ price deflators can be obtained via this link. The vintage we use
was released on 15 March 2022.

Therefore, the full dataset used to obtain our baseline results and to filter out the shocks
has T = 91 (1997Q2-2019Q4) and N = 79. The burn-in period is set to equal 7 quarters.

Seasonal adjustment

To seasonally adjust the data, we use the Census X-13 method in EViews.

A.2 Stylised Facts

This section presents selected details of stylised facts on UK production networks.

Al


https://www.ons.gov.uk/economy/nationalaccounts/supplyandusetables/datasets/inputoutputsupplyandusetables
https://www.ons.gov.uk/economy/grossdomesticproductgdp/datasets/ukgdpolowlevelaggregates
https://www.ons.gov.uk/employmentandlabourmarket/peopleinwork/employmentandemployeetypes/datasets/employeejobsbyindustryjobs03
https://www.ons.gov.uk/economy/inflationandpriceindices/datasets/experimentalindustrydeflatorsuknonseasonallyadjusted
http://www.eviews.com/help/helpintro.html#page/content/seriescmd-x13.html

A.2.1 Weighted Outdegrees

Following equation (2) in the main text, the first-order (weighted) outdegree of industry j

is defined as N
D;éout = sz]t (Al)
i=1

The second-order (weighted) outdegree of industry j is then defined as
N
Djzzout — Z withilt,out. (AQ)
i=1

While the first-order outdegree measures the importance of industry j as a direct input
supplier to other industries, the second-order outdegree weights the input shares by the
first-order outdegree of the consuming industry and is thus the first step towards measuring
indirect linkages.

Figure A.1 (left panel) shows the empirical density function of first-order outde-
grees. The distributions of outdegrees are skewed, with relatively heavy right tails (the
empirical densities of second-order outdegrees, not shown here, are similarly fat-tailed).
Relatedly, the right panel in Figure A.1 shows the empirical counter-cumulative distri-
bution function (CCDF) of first-order outdegrees.! The horizontal axis is the first-order
outdegree for each industry (shown on a log scale), and the vertical axis (also shown on a
log scale) gives the probability that an industry has an outdegree larger than or equal any
correspond z-axis value. The linearity of the rightmost part of the distribution, in which
industries with the largest first-order outdegrees lie, suggests that it is well-approximated
by a power law distribution.? In other words, a small number of input suppliers are

responsible for supplying the bulk of intermediate inputs.

A.2.2 Bonacich Eigenvector Centrality

First-order and second-order outdegrees in equations (A.1) and (A.2) can be written in
matrix form as D;°" = W, 1 and D" = (W, )21, respectively, where 1 denotes an
N x 1 vector of ones. We could analogously define higher-order outdegrees (e.g., third-
and fourth-order outdegrees). Bonacich (1987) introduced a centrality measure that is

closely related to the weighted outdegrees of all orders. More specifically, given parameters

!The overall skewness in the distribution of first-order outdegrees may reflect both skewness along the
extensive margin (number of supplying linkages a producer has) and the intensive margin (how important
the producer is as a supplier to another). Empirically, the vast majority of the skew in the distribution of
first-order outdegrees is driven by the intensive margin, i.e., relatively few suppliers are responsible for
supplying the bulk of material inputs.

2Carvalho (2014) obtains similar findings for the US.
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Figure A.1. Empirical density and counter-cumulative distribution of first-order outde-
grees in the UK
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p1 and Pa, the Bonacich eigenvector centrality (Bj:) of industry j is defined as:

N
Bji(81, B2) = Z Bi + B2Bit) wiji- (A.3)
=1

The parameter [3; is a normalisation parameter and only affects the length of the vector of
Bonacich centralities, whereas the parameter (5 reflects the degree to which an industry’s

centrality is a function of the centrality of those industries to which it is connected. In
matrix form, equation (A.3) is given by:

B, =/ W/ 1+ BW,B,. (A4)
Solving for the vector of centralities By, we have that:
— 61— W] W1 (A.5)

Using the power series expansion of the inverted matrix in equation (A.5), we have that

the vector of Bonacich centralities is given by:

B, = [BW] + BiB(W] )2 +...] 1. (A.6)

Therefore, the Bonacich eigenvector centrality is an infinite-order centrality measure in the
sense that it captures both direct linkages (via first-order outdegrees) and indirect ones
(via second-order outdegrees, third-order outdegrees, and so on). In other words, in our
context, the Bonacich eigenvector centrality measure assigns to each industry a centrality

score that is the sum of some baseline centrality level (common across all industries), and
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the centrality score of each of its downstream customers.® Figure A.2 shows that the
distribution of Bonacich eigenvector centralities is also fat-tailed, with the right tail of its
CCDF (not shown) close to linear on a log-log scale, and thereby well-approximated by a
power law. Note also that the right tail of the empirical density of Bonacich centralities
is more prominent than that shown in Figure A.1 for weighted outdegrees. Intuitively,
once we take higher-order connectedness into account, that tends to further emphasise the
role of central suppliers (in part because they also tend to supply inputs to more central

industries).

Figure A.2. Empirical density of Bonacich centralities in the UK
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We can visualise the heterogeneity in industries’ importance as input suppliers
by graphically representing the UK input-output network. In Figure A.3, each node corre-
sponds to an industry and its size is proportional to the industry’s Bonacich eigenvector
centrality. The flows of inputs are represented by lines connecting the nodes, with the
direction of the flow indicated by an arrow. Financial services (industry 64) are the most
central input supplier in each year for which UK supply-and-use tables are available.?
Several manufacturing industries are also very central, most notably manufacture of
chemicals and chemical products (industry 20) and manufacture of basic metals (industry
24). Other very central industries include construction (industries 41-43), electricity, gas,
steam and air conditioning supply (industry 35), computer programming, consultancy and

related activities (industry 62), and employment activities (industry 78).> The majority of

3Note that we set 81 = 0.5/N and f2 = 0.5, where 0.5 is the share of intermediate inputs in production.

4These financial service activities exclude insurance and pension funding. The UK’s supply-and-use
tables are available over 1997-2019.

SEmployment activities (industry 78) include activities of employment placement agencies and other
human resources provision.
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industries are, however, much less important as input suppliers to other industries. This
corroborates the earlier claim that most industries supply highly-specialised inputs (to
few other industries) whilst a few general-purpose input suppliers provide inputs to many

other industries.

Figure A.3. A graphical representation of the UK input-output network in 2019

\72

Notes: Finance (64) is the red node, manufacturing industries (10-33) are blue nodes.

A.2.3 Clustering in the Production Network

Beyond a visual inspection of Figure A.3, we can also analyse more formally the extent
to which industries cluster in the input-output network. The clustering coefficient is a
standard network topology measure that captures the tendency to which nodes in a graph
(in our case, industries in the input-output network) tend to cluster together. We define

the average clustering coefficient as:

owerwn @ovary],

N L
1 2

AverageClustering, = —
N ; st (digf — 1) — 2s5;

where A, is the adjacency input-output matriz whose entries a;;; are a binary variable equal
to one if w;j; > 7 and zero otherwise, for some chosen threshold 7,0 slff’tt = (W,T + Wy),1,
di5t = (AT + Ay);1, and 7, = (W, A, + A;W,);;/2, and where the subscript ¢ (ii) denotes

6Below, we set 7 = 1%, the same parametrisation as in Acemoglu et al. (2012).
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the ¢th row (éith entry) in the corresponding matrix, and 1 denotes an N-dimensional
vector of ones.” In a ‘star economy’, with one producer sourcing inputs from many other
producers who are not themselves connected, the clustering coefficients would all be 0. On
the other hand, if each industry sourced a fraction equal to 1/(/N — 1) of its inputs from
all others (excluding itself), then all clustering coefficients would equal 1. Using our data,
we find that the average clustering coefficient is very stable over time, with a mean of
0.84, suggesting that the UK’s input-output network has a very high level of clustering.®
More formally, this confirms the visual observation from Figure A.3 that most ‘triangles’

(sets of three interconnected industries) include industries with higher centrality.

A.2.4  Stability of Input—Output Linkages

We analyse how the time-variation in the input-output network relates to the correlation
between different industries’” output growth. Intuitively, one may expect that the higher the
importance of industry j as a supplier of inputs to industry ¢ (so the higher is w;j;) and/or
the more stable this linkage is (so the lower is o(w;jt)), the stronger the co-movement

between the output of industries ¢ and j. First, we estimate the following regression:
p(gij) = o+ fwy; + €5, @ F# 7, (A.8)

where p(g;;) denotes the correlation between the growth rates of gross output in industries
¢ and j and w;; denotes the average share of inputs from industry j in industry 4’s total
intermediate consumption. We find B = 1.38, statistically significant at the 1% level.
The pairwise correlations of gross output growth across industries tend to be higher the
higher is the average share of inputs they source from each other: a 1pp increase in the
average input share tends to be associated with close to a 0.014 increase in the correlation

coefficient of gross output growth rates.” Next, we consider the following regression:
p(gis) = o+ Bwy; + 76 (wig) + &5, @ F# ], (A.9)

where 6(w;;) denotes the sample variance of w;;;. We now find that B increases to 1.66
(and is still statistically significant at the 1% level), and 4 = —1.82 (and is significant at
the 5% level). Intuitively, in equation (A.8), the coefficient on the average share of inputs

(wij) was likely biased downwards, which is due to higher shares also being more volatile

"This definition follows Clemente and Grassi (2018). Note that self-loops are not considered, i.e. the
main diagonals in W and A are replaced with zeros.

8To put this into a perspective, Clemente and Grassi (2018) find that a network consisting of banks
from the core 24 countries (as defined by the Bank for International Settlements (BIS)) has a clustering
coefficient of around 0.9.

9This finding is in line with Carvalho (2014), though based on W, rather than the network distance
measure Carvalho (2014) uses, which is based on A;.
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and higher volatility decreasing the correlation between output growth rates. In other
words, once we have controlled for the average share of inputs industries source from each
other, the pairwise correlations of gross output growth across industries tend to be lower
for those pairs where the respective share of inputs is more volatile. Intuitively, insofar as
the higher volatility of w;;; indicates greater substitutability across input suppliers, a high
elasticity of substitution implies that even small changes in relative prices translate into

large changes in input shares, increasing o (w;j)-

AT



B. Derivations Related to the Simplified Model

B.1 Competitive Equilibrium

A competitive equilibrium of this economy consists of prices (Py, ..., Py, W), labour
that the representative household maximises her utility (subject to the budget constraint),
the representative firms in each industry maximise profits, markets clear and the resource

constraints are satisfied, that is

N
Cit+ZMijt:Qit7 Vi=1,..,N, (B.1)
j=1
N N
Z Py Cy = WLy + Z 1L, (B.2)
i=1 i=1

N
> Liu=L. (B.3)
=1

The household’s problem is

N erst+1

N N
) LS
max lo ct — L, s s.t. P,Cy = WLy + I1;;,
{Cit}ieq,..., Ny, Lt gH it ers +1 ¢ Zz:; o e ; ;

(B.4)
Letting 14 denote the Lagrange multiplier on the budget constraint, the first-order condition
(FOC) with respect to Cj; is given by

it
ML B.5
Ci Vil (B.5)

The FOC w.r.t. L; is given by

1

L;LS = VtWt' (BG)

Multiplying the FOC w.r.t. C; by Cj;, summing over ¢ and using the budget constraint
together with Zf\il ~it = 1, we obtain v; = 1/(WtLt + Zf;l Hit), so the optimal demand

for good 7 is

WiL; + Zivd Iy

Cit = it P

(B.7)

Substituting v, = 1/(VVtLt + Zf\il Hit) into the FOC w.r.t. L; yields the household’s
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labour supply equation:

LleS = W, : (B.8)
WLy + Zi\il 11

When firms earn positive profits (n; < 1 for some 7), the labour share of household income,
WLy /(W Ly + Zf\; I1;4), is strictly less than one, so the equilibrium labour supply L, is

strictly less than one.!® The ideal price index associated with the consumption aggregator

Hz— CZth is Py = H = ( zt/%t)w'

To produce a given amount ();;, the representative firm in each industry ¢ faces

the following cost-minimisation problem:

min Wt i+ Z i Mije — [(AitL;t_“iMﬁi)ni _ ta} .

th7 {Mmt}]e{l ,,,,,
The FOC with respect to L;; is
We = A (m:(1 = ) LG AT AL ) =0, (B.9)

Multiplying both sides by L;;, we have that:

Nimi(1 — i) Qi
W, ’

WtLit = Aztnz(l — /Li)Qitu 1e Lit = (BlO)

where A;; is the Lagrange multiplier, and the FOC with respect to M;;; is

nikiEpr —epr+1 1 -1 —1
Py — Ay (AT pmm) THEEM s My s S S e ) — 0, (B
J e — 1 it 1] € 15t

which simplifies to

nikiepr —eprt+1 1
Py — Ay (Asz?;(l WMy (D) MEM) = 0. (B.12)

gt

Multiplying both sides by M;;; and rearranging,

l—epns 1 EM
NiipsQae My, (T ) =
My = tnMQt; ( ]) (B.13)
jt

Let P} denote the ideal price index associated with the CES intermediate input

10Tn the special case of constant returns to scale (n; = 1 for all i), profits vanish and the FOC collapses
to L;/*" = 1/L,, which yields L; = 1.

A9



bundle M;;:

N Tear
i - Soryr 314
j=1
Using the FOC with respect to M;j, it follows that
Py = NaniguiQu M, (B.15)
or, equivalently,
Nimipi Qi
M = —pi (B.16)
it

Plugging the cost-minimising expressions for L;; and M;, back into the production function

yields

(Aami(1 Mz)ta) i (1—44) <Aimiint)mui
" A?Z - pM : B.17
Qu =y (U s -

Solving for Ay,

1—17,L»

zt - CzQ Wl M(Pz]t\/[) ) <B18)

1t

where ¢ = [niu] ™ [7:(1 = p)]” "), The cost-minimising solutions for Ly, Mj, and
M;;; are then

Cmi(1 — ) QJy WM (P

Ly = A : (B.19)
1
()Y (M pi—1
M’it fy Clnlﬂl@lt Wt (Plt ) , <B20)
At
1
il mwl Wi PM #1_1+5MFM
M, = St (Fir) . (B.21)
’ Ay P
it

Therefore, the total cost at the optimum is

(Qlt) Wt it + PZJtVIMzt

ae (G = 1) e Cmigni WV (Pt S
g R Sryr

At
(B.22)
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Recalling G = [mips] ™ [m:(1 — )] ") the marginal cost is

) Qt;z ‘ ( Wt ) 1—p; (PQ/I ) i
C'(Qi) = = LA . B.23
(Q t) A 771‘(1 - Nz’) i [ ( )

Since markets are perfectly competitive, Py = C'(Qy), i.e.,

1;7;” 1—p; M\ Mi
p, = ( W > (P—’f) . (B.24)
A 772'(1 - ,ui) i s

At the cost-minimising allocation, total production cost satisfies W; L+ P2 My, =
Nimi (1= ) Qi + Nigmipti Qie = i Ay @y Combined with Py, = Ay from perfect competition,
the profit of industry ¢ is therefore

IL;; == PyQir — WiLy — szt\/[Mzt = (1_77i)PitQit- (B-25)

Profits in industry 7 are thus a fraction (1 — 7;) of nominal gross output: positive
whenever returns to scale are decreasing, and zero in the constant-returns-to-scale limit.
Aggregating, Zf;l I, = ZiNzl(l — 1;)PyQis, so the household budget constraint can be
written equivalently as le\il P,Cyy = WL, + Zfil(l — ;) Py Qi

Plugging the solutions for Cj; (from the household’s problem) and Mj;; (from

the firms’ problem) into the market-clearing condition yields

Qi =

Vit [WtLt + ch\le(l — nk)Pk‘tth] C]n]uanJ Wl Kj (PM)HJ*1+€MF]\Z4 Bo
Py Z A PM - (B.26)

7=1

The equilibrium of this economy can therefore be expressed as a system of 3N +1 equations
in 3N + 1 unknowns, {(Py)Y,, (Qu)X,, (Ly)N.,, W}, supplemented by L, = SN | Li:

1-mn;

mi T—pi M\ Hi
p, =Y ( W ) (P“ ) , (B.27)
A i1 = i) Mifbi
Q it [WtLt + Zk (1= Pthkt Z Cﬂlj,u]Qn] Wl Hi (PM)NJ—HEMI‘M
it — Ht AJtPiM ,
=1 %
(B.28)
1
(1 — O™ W PM ki
Lit — Can( :LLZ) it Wt ( it ) ’ (B29)
A
(= ~ (B.30)

WL + vazl(l — 1) PuQir

The last equation is the household’s labour supply condition, which replaces the result
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L; = 1 used in the constant-returns-to-scale case. To solve the model, we take the
consumer price index, P;, as the numeraire and normalise it to equal 1 without loss of

generality, which yields an additional equation.

B.2 Equilibrium Intermediate Input Shares

By definition, the share of industry ¢’s intermediate input expenditure attributable to

goods sourced from industry j is

L PaMy
it — M .
Py’ My

(B.31)

Using the optimal intermediate input demands derived in Appendix B.1, the equilibrium

intermediate input shares are

1— —
P‘t <<znzN1Qm W “'z(PI\I) 1+61Wl_‘i1§-1>
J

A'Lt P] M

1—
PM CL"h,ULQm W Hi (P]M)'u271
it At

P l—enm
=T ( ) : (B.32)
Py

Wijt =

B.3 First-Order and Second-Order Weighted Outdegrees

The first-order weighted outdegree of industry j is

l,out o Pjt 1oewm
Djt Zwm Z P_M . <B33)

The second-order weighted outdegree of industry j is
20ut . sz]tDl out. (B34)

We now characterise the responses of first-order and second-order weighted

outdegrees to technology and demand shocks. By definition,

oD,
Dilaout + oWy
op, " "opy,

a D]2‘£out B N |: 8wijt
OP;,

Since Pj; has a weight of at most one in P}/, the first partial derivative (Qw;j;/0P;;) is

non-negative, and it will generally be positive as long as industry 7 sources inputs from
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industries other than industry j as well. For the second partial derivative, note that
N

aD}’Out & € —& £
“pm = 2 [T e = (R TP (B
k=1

which is clearly negative if €); < 1. The above equation can be rewritten as

aD'lt,Out N
— = i -1 P .
oP;, ; [wk it (e )Wk]t ]

If i = j, then

aDl,out N
4t -
E)JJD.t = (1= en)win(l = wiie) Py
J

i=1

Therefore, the partial derivative of industry j’s second-order weighted outdegree with

respect to its price is

2,out 1 ;out
aD awz]t

D»l’OUt ;
8Pgt Zﬁpt " +Zwﬁ apjt

N N N
Z ]- — &M wz]t 1 szt)P Zwkit + Z wz]tz Wit €M - ]-)wk]tp ]
k=1 k=1

i=1 = i=1,i#]
N

+wige » (1= enwij(l — wize) Py’
=1

=1 —em)P; P! Z Wijt Zwlm — Wjjt — Wkjt)

1=1,i#j

+ (1 — SM)Pﬁlejt Zwkjt (2 — Wyjt — ijt) )

which can be rewritten as

oD% S -
81]; =(1- 5M)Pﬁl E Wit E writ (1 — wije — wje) + Wjje Zwkﬁ
s — — k=1

This derivative is non-negative if
N

N N
E Wijt E Wit (1 — wije — wije) + E wijtwjje = 0, Le.
i=1 k=1

=1

N N N
E WijtWjjt = E Wijt E Wit (Wijt + Wije — 1) -
i=1 i=1 k=1
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The above condition can be written as
D?gout + w]]tDl out > Z Wit Z Wit (Wije + Wijt) (B.35)

which is strictly satisfied if w;;; + wyjr < 1, which will typically be the case. Note that if
wijt + wijt = 1, then the right-hand side equals Djz-t’om.

Note that the maximum value of w;j; + wyj; for any (i, k) € N pair is 2. For a
given wy;¢, the maximum value of wy;; is 1 —wyj;. So the maximum value of the right-hand

side in equation (B.35) is given by the right-hand side of the inequality below:
szjtw]]t > szgt Z — wijt) (wije + wiie — 1)
=1 k=1

Suppose that w;;; = 0, which makes the left-hand side of the above inequality as small as

possible. For the inequality to still hold, we need

N N
dwie > (L= wige) (wige — (1 — wige)) wat — wjjt) (Wije — (1 — wjje)) <0,

i=1 k=1,k+#j

or, equivalently,

N N
D wie Y (1= wige) (Wije — wige (1 — wrge)) — (1 — wige)] < 0. (B.36)
i=1 k=1,k+j

Treating w;j;; as given, the expression inside the second sum is maximised when

2 — wijt

2

1-— wkjt — wijt — wkjt + 1= O, 1.€. wkjt =

If k =i, then clearly wyj; = 2/3. It can then be easily shown that the term inside the
second sum in equation (B.36) is given by
3

(]_ — wkjt) (wijt — (1 — wkjt)) — (]_ — wijt) = _Zw?jt — Wit < 0 if Wi jt 7é 0.

Intuitively, since w;;; increases with P, for all 4, then at least some of the remaining shares
wike (k # j) have to fall. This reduces other industries’ (k # j) outdegrees, but the sum
of all outdegrees must always equal IV, by definition. For industry j, the increases in w;j

. lout 2,0ut
more than offset the falls in D;;°", so Dj;”" is increasing in Pj;.
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B.4 Size-Centrality Relationship in Two Simple Economies

Consider two simple economies consisting of four industries and a representative household.
In both examples, we assume that (i) the intermediate-input share in gross output equals
60% for all industries (i.e. p; = p = 0.6), (ii) there are slightly decreasing returns to scale
(n; = 0.95), implying that preference shocks affect relative prices, (iii) intermediate inputs
are gross complements (¢, = 0.4), and (iv) the Frisch elasticity of labour supply equals 2
(i.e. erg = 2). The two crucial parameters for the purposes of this exercise are €, and 7;:
ey < 1 implies that shocks to industry j that lower (raise) its price will lower (raise) its
centrality as measured by its outdegree, and 7; < 1 implies that relative prices (and thus

also outdegrees) need not be invariant to preference shocks.!!

Example 1: Symmetric Economy

Consider a N = 4 economy consisting of identical industries and a representative
household, i.e. it is perfectly symmetric (Figure B.1). In particular, assume that
the steady-state intermediate input shares Ff\f = 1/4 for all (i, j) pairs, and that the
steady-state consumption shares { = 1/4 for all i. We further assume that all shocks
follow an AR(1) process, and consider separately a 20% increase in Ay, at time ¢ = 1, and
a 20% increase in Dy, at time ¢ = 1. The effect of these innovations will die out gradually
as we set the AR(1) coeflicient to 0.9.

Figure B.1. Graphical representation of the economy in Example 1

Notes: Input-output linkages are denoted with black arrows. The
supply of labour from the household to producers is denoted with
red arrows. The supply of consumption goods to the household is

denoted with cyan arrows.

Figure B.2 shows the responses to the positive technology shock to industry 1.

HTf n; = 1, preference shocks will have no effect on relative prices. If £); = 1, industries’ centralities
will be independent of shocks.
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This shock will make industry 1 relatively more productive than the other industries,
driving its real output up and its price down. Its outdegree and Domar weight fall, and
the opposite happens to the other industries, whose responses are identical given the
symmetric nature of this economy. Intuitively, since P;; falls by more than the other
prices upon impact, the outdegree of industry 1 falls. Although the real output of all
industries increases, nominal output of industry 1 increases by less due to the offsetting
effect of its price falling by more, and hence its Domar weight falls upon impact. In other
words, idiosyncratic technology shocks imply a negative (positive) relationship between
output (Domar weights) and centrality for the industry in which the shock originates. For

the other industries, the implied size-centrality relationship is positive.

Figure B.2. Responses to a positive technology shock in industry 1 (Example 1)

Outdegree %104 Real Gross Output Domar Weight

1.05

10

—=oe— Industry 1

Industry 2
- === |ndustry 3
--4a-- Industry 4
0.9 .
0 10 20 30 40 0 10 20 30 40 0 10 20 30 40

Figure B.3 shows the responses to the positive demand shock in industry 1. The
exogenous increase in the household’s ‘taste’ for the output of industry 1 will drive its real
output and price up, so industry 1’s outdegree, real output, and Domar weight all increase.
The opposite happens to the other industries. Intuitively, since Py; increases by more
than the other prices, industry 1’s outdegree increases. Therefore, idiosyncratic preference
shocks imply a positive size-centrality relationship for all industries. Note, however, that
although the demand shock in industry 1 increases its outdegree, the effect is very small.
Intuitively, demand shocks leave relative prices unchanged in this economy as long as
there are constant returns to scale.!? Since we assume slightly decreasing returns to scale

(n; = 0.95), demand shocks do affect prices, but only slightly.

12Tf n; = 1, we can solve for the relative prices, independently of the demand shocks.
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Figure B.3. Responses to a positive demand shock in industry 1 (Example 1)

Outdegree -4 Real Gross Output Domar Weight
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Example 2: Separate Production of Intermediate and Final Goods

Consider now a different N = 4 economy consisting of industries 1 and 2, which produce
intermediate goods only without sourcing from each other, and industries 3 and 4,
which produce final goods only and source their intermediate inputs from industries
1 and 2 (Figure B.4). Suppose further that industry 2 is relatively more important
as an input supplier than industry 1. We will parametrise this economy by setting
the intermediate input shares T =T =1, T¥ =T} =03, T =T} = 0.7, and
I')f = 0 for all other (i,j) pairs. Assume further that industry 3 is relatively less
important as a final good producer than industry 4, i.e. & = 0.3. We first consider

a 20% increase in Ay, at time ¢ = 1, and then separately a 20% increase in Ds; at time ¢ = 1.

Figure B.4. Graphical representation of the economy in Example 2

@
&)

Notes: Input-output linkages are denoted with black arrows. The
supply of labour from the household to producers is denoted with
red arrows. The supply of consumption goods to the household is

denoted with cyan arrows.

Figure B.5 shows the responses to a positive technology shock to industry 1.

This shock makes one of the two input-supplying industries relatively more productive
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than before, reducing its marginal cost and allowing it to set a lower price. Since industry
1’s price falls by more than that of industry 2, industry 1’s outdegree falls and that of
industry 2 (equal to 4 — D) increases. Final-good-producing industries 3 and 4 have,
by construction, zero outdegrees. Real output increases across all industries. The Domar
weight of industry 1 falls and that of industry 2 increases. The Domar weights of the final

good producers are unchanged since they only depend on household preferences:

PitQit Pitcit

E/ivﬂ P Cra Zivzl Py Clt

which is a consequence of the Cobb-Douglas nature of household preferences. Therefore,
in this economy which features a completely separate production of intermediate and final
goods, the implied size-centrality relationship due to technology shocks to intermediate

producers is the same as in the symmetric economy in example 1.3

Figure B.5. Responses to a positive technology shock in industry 1 (Example 2)

3 Outdegree 45 X 1072 Real Gross Output 12 Domar Weight
25 4 1
2 35
0.8
1.5 (oo 3
1 —— Industry 1 06
Industry 2
051} |77* " Industry 3 0.4 ‘i:
- - 8-~ Industry 4
0 = &S 0.2
0 10 20 30 40 0 10 20 30 40 0 10 20 30 40

Figure B.6 shows the impulse responses to a positive demand shock in industry
3. This shock increases the household’s taste for the output of industry 3. Note that
the outdegrees of all industries are unchanged. Intuitively, the outdegrees of industries
1 and 2 are a function of Pj; and Py only (and some parameters), and the relative
price Py;/Py; is constant as long as there are no technology shocks to industries 1 and 2.
The figure also shows that real output of industry 3 increases, whilst that of industry
4 falls; this is expected given the ‘shift’ in household preferences. Real gross output
of the input-supplying industries 1 and 2 increases slightly. Finally, whilst the Domar
weight of industry 3 increases and that of industry 4 falls, the Domar weights of the
input suppliers are unchanged. Note that the Domar weights of industries 1 and 2 are

independent of all shocks in the model, and do not change because the relative price

13The final-good producers in this economy have, by construction, zero centrality. Since technology
shocks to them do not affect the relative price of the intermediate-good producers, they imply no
relationship between size and centrality for any industry.
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P11/ Py; is independent of demand shocks.' Therefore, if the production of intermediate
and final goods is completely separated, demand shocks imply no relationship between

size and centrality (since centrality is independent of them).

Figure B.6. Responses to a positive demand shock in industry 3 (Example 2)

Outdegree -3 Real Gross Output Domar Weight
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2
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2.5 0.8
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Overall, these two examples based on the simple model from Section 3 suggest
that, in general, technology shocks tend to imply a negative relationship between real
output and outdegrees, and a positive one between Domar weights and outdegrees.!”
Demand shocks, on the other hand, tend to imply a positive size-centrality relationship

regardless of whether one takes output or Domar weight as the measure of size.

B.5 Two Generalisations of the Elasticity of Substitution Across

Intermediate Inputs

Generalisation 1: Different £;; Across Producers

We implicitly assumed above that €;; is identical across all producers. Allowing e, to
differ across producers would simply require replacing €, by the producer-specific %, in
equation (3) in the main text.'® This is because the only elasticities that appear in the
cost-minimisation problem of each producer are those characterising its own production
process. The effect of changing P, on P}! in equation (B.33) will depend on £}, (and
not 5%4), but since the weight of Pj; in P} will typically be less than one, the change in
P} will tend to be less than proportional, at least in the range of empirically plausible

values of €4,. The intuition from above would thus apply: as long as &%, < 1, a shock that

L41f there are also constant returns to scale, the Domar weights of industries 1 and 2 sum to /(1 — p).

15As Example 1 shows, technology shocks may imply a positive size-centrality relationship for the
industries other than the industry in which the shock originated. However, in more realistic settings such
as that in Section 4, the majority of variation in industries’ size and centrality will tend to be driven by
their own shocks, hence our emphasis on the implied relationship for the ‘shock-originating’ industry.

16Similarly, we assume throughout that e is time-invariant. Relaxing this assumption would amount
to replacing e by ear,; in equation (B.33), with the underlying logic unchanged.
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causes industry j’s own price Pj; to increase (decrease) will lead to an increase (decrease)

in industry j’s outdegree.

Generalisation 2: More vs. Less Substitutable Intermediate Inputs

Another assumption that we made above is that within the bundle of intermediate inputs
(M), all inputs are equally substitutable (or complementary). One might instead argue
that, for a given producer, there may exist multiple kinds of intermediate inputs. More
specifically, suppose that each producer faces a set of (almost) essential intermediate inputs,
S, and a set consisting of the remaining intermediate inputs, N. Intermediate inputs such
as electricity, gas, and water could plausibly belong to the former set, and others such as
water transport and air transport could belong to the latter set. Producers would then
bundle together the two sets of inputs, each consisting of (different) intermediate inputs
themselves. Assuming the bundling is consistent with CES aggregation, the bundle (M)
would be characterised by three elasticities of substitution. First, substitutability within
the two sets of inputs would be determined by potentially different elasticities es and e,
respectively. Second, the extent to which producers can substitute across the two sets of
inputs would be determined by egy .

In Appendix B.6, we show that the first-order weighted outdegree of industry j
belonging to set s = {S,N'} is given by:

N 1—e, l—esn
Py Py
Dyt =>"TM (= Iy : (B.38)
A (R’Z Pl

where ¢,, corresponds to es (ey) if j € S (j € N), and similarly for P, which denotes
the ideal price index associated with the bundle of (almost) essential inputs (> = S) or
the remaining inputs (3 = N), respectively.

In Appendix B.6, we show that the partial derivative of industry j’s outdegree

(where j belongs to s = {S,N'}) with respect to its price is given by:

aDl',out N Wis P% Esx PM ESN 1
gt _ M gt B St it -
sy Lt [t o e mt o] (5)(7) g

i=1 it J

(B.39)

where w7 = (P7MZ)/(PMM,;), i.e. the equilibrium share of expenses on the set of s
inputs in industry ¢’s total intermediate consumption. In Appendix B.6, we show that if

esn < 1—which seems plausible given our interpretation of the sets S and N—the value
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of €,, that ensures that industry j’s outdegree is increasing in its own price is given by:

o i wie (L= esv)wi + esv] (B.40)

F ..
Wit — Wijt

Note that the term (1 — esy)wj; + esp is smaller than 1 if gy < 1, as we just assumed.
The right-hand side in equation (B.40) is thus larger than 1. Therefore, if there exists a set
of essential inputs alongside a set of remaining inputs, and if the elasticity of substitution
between these two sets of inputs is less than unity, then the positive relationship between
industries’ outdegrees and their prices is conditional on the elasticity of substitution
within the set they produce in being strictly less than the value on the right-hand
side of (B.40)—which is a weaker requirement than that in equation (B.33), which
required that this elasticity is less than 1.!7 In other words, to the extent that the
intermediate aggregation process—featuring essential and less essential inputs—is more
realistic than that in the baseline model, the condition that ensures that there exists a

positive relationship between outdegrees and own prices is relatively easier to satisfy.'®

B.6 Derivations for Appendix B.5 (Generalisation 2)

For ease of exposition (and without loss of generality for the sake of argument), assume
that n; = 1, i.e. all industries produce under constant returns to scale. Relative to
the baseline model, we now have that the bundle of intermediate inputs consists of

two sets of inputs, some (almost) essential and other which are non-essential, and is
ESN
1 1 5555—1

SN — € -1
given by My = {555"’(1\43) SN A (1 — 0)2sn (M) esn ] R turn, the bundle

5
eg—1

e o es—1 .
of essential inputs is given by M3 = [Z ies (I‘M ) s M, ;S } and the non-essential

ijt
z en—1 ENfl -
bundle is given by M} = [EjeN (TM) v M~ ] where I'}f =T} /6; if j € S and
M _ M . .
To derive the equation for intermediate input shares (and thus for industries’

weighted outdegrees), one may follow the steps from Appendix B.3. The main difference

is that, now, there is an FOC with respect to M;;, if j € S, namely:

) HiESQC*SS’}CJrl 1 _ _
Py — Ay | Ay L _HiESN M, SN 5N M( M5 )ﬁ
esnv — 1 ESN
(55— -(M5)s (D) s = Mijf)] = 0. (B.A1)

1TWe clearly recover this condition if esnr = 1.
18For example, if espyr = 0.1, w7 = 0.3, and w;j+ = 0.05, then industry j’s outdegree is increasing in its
price (P;;) as long as €, < 1.166.
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Now, the natural price index for M is given by
1
P = [5:(P5)1 7% + (1= 0,)(Py) ! =] 7o |

and the two subindices as

1

l—eg
7= ()

jes
1
175A/
n - (srme)
JEN
It can then be shown that
17555[ 1 _

sz = N i Qi M, 5N 0,V (Mi) °S

1
Af’

N sy 1L
Py = NigpuiQig My~ (1 — 05) =sv (M ) esn .

Following analogous steps to those in B.3, it can be easily shown that the intermediate

input shares in equilibrium are now given by

N\ 1—¢ l—cesn
(%) (5) T ijes

Wijt = A l—en 1—esn
M (%) (ﬂ) itjen.

Without loss of generality, let us focus on j € §. The first-order weighted

outdegree of industry j is given by

N N l-es S\ 1—esnv
lylput,__ Wiis = FA4 ‘F?t }1t
=D i =) T Ps pM -
i=1 i=1 it it

Note that the partial derivatives of the price indices corresponding to essential and

non-essential inputs with respect to Pj; are given by

1-l4eg
l—eg

fM(l — 83)]3]185

org 1 .
o _ Iﬂ?{}jl—*&g
OPy  1—eg [; 7o
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and

oy 1
ant 1—8

_s <P£§ )ESN P <ﬂ)_€s.
Py VAPS

Therefore, the partial derivative of industry j’s outdegree with respect to its own price is

i
OP;

(PN 6i(1 — esn) (P~

given by

aDl»’OUt N
o = D[P ea) Py (P (pyfe
gt

=1

org

PM esn—1
8P]t( Zt)

+ TY P75 (e — g ) (P57 s

M
Y P (B (s — 1) (P o2 O
Y 7 af)ﬁ

_ Z [ GV Py (PS)es—esx (P o

[y £ £ P e > -
TP s - e (PR Y () e
it

_'_FMPIfss(PS)sS—sgN(g —1)(PM)E‘SN_25- sz N FM P e
ij gt it SN it i P-]t” Pf .

Taking out the first term inside the square brackets, we can rewrite this as

6D1-’°ut N
Sn = [T s (R (e
J i=1
ES — ESN 1M P —es
1+ ——PF; P F
(+ l—es wBi)” (Bf)

esv — 1 My—1 PIN Wy (P
—— P (P, i I :
T (B)” (P/t” P@‘f

Assuming s < 1, i.e. the essential inputs are relative complements, the sign of
D10ut JOP;, is thus determined by the sign of the term multiplying it. Define wg;

as the share of expenditure on an essential input 7 in industry ¢’s total expenditure on
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intermediate inputs, i.e.,

s _ DiMg
Wit = SM
Pz't Mit
_ PO Miy(P) =N (D)™™

P M,
Py

Note that

P\ P
Py(P§)T'TY —__J__ M
BT () = et

S \ esnv—1
_w”téfl (Pzt )
— ytty M
L

Wijt

Note also that

PS —ESN P —€s Wiit PS —ESN
P't(PiM)iléi ( it ) FM ( ) ) (}:);S)(}:)ZM)fl(sz ( it )
S py P G Py

Therefore, we have

8D1~7OUt N — ¢ .. _1
jt M € S\es—¢ M\e 1 SN Wijt ESN
= TM(1 — eg) P58 (PS)zs—esn (pMyssn—1( 1 4 25— 2SN ESN 7 i
M L L L e e A |
N m
Z [FMP—ss(_p )es = SSN<PM)ESN 1(1 —es— (esy —€s) oJZ‘jSt - (1 —85/\/)&)@,5)}
i=1 it

(B.42)

If es = esnr, wWe recover the expression for GD;;/OM /OP;; from our baseline model in which
the elasticity of substitution across intermediate inputs is the same for all inputs. If
€s # s, then a sufficient condition for industry j’s first-order weighted outdegree to be

increasing in its price is:

wzgt

1 —es— (esnv —€s) — (1 — espn)wije > 0.

it

We can rewrite this inequality as

(1— Eg)wi — (esy —es)wije — (1 — egN)wijtwg > 0.
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Collecting the terms involving s on the left-hand side, we have
(wije — wﬁ) s > (1 — esp)wijess — Wi + EsnWijt-

As long as w§ > w;j, i.e. that the share of expenditure on essential inputs in total
intermediate consumption exceeds the share of an individual good j in total intermediate
consumption, we have that industry j’s outdegree is increasing in its price if

wh; — wije [(1 — esy)ws; + esw]

es < . B.43
S wﬁ — Wijt ( )

Consider the following three (exhaustive) possibilities. First, the right-hand side of equation
(B.43) equals one if espr = 1. Second, it will be greater than one if (1 —egn)ws +esn < 1.
Note that this condition can be equivalently written as eg (1 — wﬁ) < 1 —wg, which
simplifies to the requirement that esys < 1. Third, the right-hand side of equation (B.43)
will be smaller than one if (1 — espr)ws 4+ esar > 1. This condition similarly simplifies to a
requirement that gy > 1.

Recall that we assumed earlier that s < 1. Since one may reasonably expect
that egn will also be smaller than one in practice—implying that the sets of essential and
non-essential inputs are relative complements—we have that the sufficient condition to
ensure that industry j’s outdegree is increasing in its price is given by

oo wije [(1 = esny)wl] + esn] — w;?;? (B.44)

S
Wijt — Wiy

where the right-hand side of inequality (B.43) is larger than one. In other words, if the
‘between-elasticity’ (esar) is less than 1, then the within-elasticity (¢s) may exceed unity
but must not be larger than the right-hand-side expression in inequality (B.44) in order
to ensure that industries’ first-order weighted outdegrees increase with own prices.
Recall that in deriving the condition given by (B.43), we focused on the case

j € 8. This was without loss of generality and an analogous condition applies for j € N.
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C. Derivations Related to Section 3

Throughout this section, matrices are denoted in bold. The setup follows Section 3.1 of
the main text. We derive the non-stochastic steady state in Section C.1, the log-linearised

equilibrium in Section C.2, and the components of the model filter in Sections C.3-C.6.

C.1 Solving for the Non-Stochastic Steady State

Our model economy is identical to that in Atalay (2017) except that we allow for there to
(potentially) be non-constant returns to scale. In other words, we allow the values of 7; to
be potentially different from one. As a result, the steady state of the economy in Section
3 will potentially be different from that in Atalay (2017) even if all the other parameters
had identical values. In solving for the steady state, we will make extensive references to
Appendix F in Atalay (2017).

First, we want to show how the cost-minimising solutions for intermediate inputs
and the capital-labour bundle change under non-constant returns to scale. The price in(}ex
of a bundle of intermediate goods in industry 4 is given by PY = [Zjvzl rY let_EM e
Using the first-order condition with respect to M;;, we have that with a potentially

non-unitary 7; (assuming that the steady-state values of technology are A; =1 for all 7):

Pl—EM -
i (Hi) @
Pil—é‘jyj - MZ

We can rearrange this equation so as to have PM on one side, obtaining:

lsM

(n;—1)+1
MIE\ ™ L, a5
ij

1
l=epM ] T=ep;

\ig L fQim—+1 FM M

" N e DS Eves ,
Note that, by definition, M; = [ijl(f‘ij )en (M) =m } . The above equation can
thus be simplified to:
_ 17€Q comi—1)
<Pz‘M>1 eQ B <,Uz‘ > 0 175‘9@(1_6@)% 1)

If we have constant returns to scale (i.e. n; = 1), then the above equation simplifies to:

PiM 1—€Q_ i\ e Qt;Q
B A\ '
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which corresponds to equation (35) in Appendix F of Atalay (2017). But with a non-unitary
7;, we have that:

l1—¢ . (sQfl) 1 eg—1
(?) S el ey e (C.2)

The cost-minimising choice for the capital-labour bundle will also depend on 7;
and is given by:

EQ*l
2 (KN L \'7\ @ . (eq(mi—1)+1) 20
S ((E> <1—a-) ) =07 (1= pu)Q; e
oy I—EQ

1-B(1—6x) \ N X pl-ex|T—ex
(TK> [23:1 L5 P =
P

(C.3)

Next, we substitute the cost-minimising solutions for the capital-labour bundle
and intermediate inputs—given by equations (C.2) and (C.3)—into the production function,

which at steady state is given by:

Q-1 772'5;%1
1 K; o L; 1-a;\ =g L eg-1
Q= |-y ((g) (+2) ) R
to obtain:
o [&23 1—8@
(cg-1) 1—3(1—51()) [ZN F.X.P.I_EX] T—ex
_ (e@ni—1)+1)—= ( B =1"1ij
Qi = [an 1(1 — 1) Q; e ]i ’ +

n;€

pM\ e (catm-1+) S22 @t
( i ) el e

Pz' ) 1 .

We can see that ; will drop out of the above equation under constant returns to scale,

but not under non-constant returns to scale. We can simplify the above equation to
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obtain:

907 (1-(emi—1)+1)) .
Qim ¢ :771‘6(2 (1= pi

1-8(1=6) \ N ey ] =0
><—%l5[ﬂlwﬂx}x

PiM e eg—1
() waie™ (ca)

Before turning to the goods-market clearing condition, it is convenient to record

the profit identity that follows from cost minimisation. At the cost-minimising allocation,
total expenditure on the value-added bundle and on intermediates can be combined to
yield WyL; + rtK K+ PZQ/[ My = ;A Qy, where Ay is the Lagrange multiplier on the
production constraint. Combined with P, = A;; from perfect competition, the profit of

industry ¢ is therefore
II;; = thzt WL — TtKKit - PZ];/[Mn = (1 - 77i) PitQit- (C-5)

Profits in industry ¢ are thus a fraction (1 — 7;) of nominal gross output—positive
whenever returns to scale are decreasing, and zero in the constant-returns-to-scale limit.
Aggregating, Zfil I, = Zfil(l — 1;)PyQy, which is the profit term that enters the
household’s budget constraint. Throughout the rest of this section, the n; factors that
appear in the cost-minimising solutions and in the steady-state shares (Section C.1) embed
this profit-distribution structure; under constant returns to scale, profits vanish and the
closed-economy resource constraint reduces to the form used by Atalay (2017).
Equation (C.4) gives us a set of N equations in prices and quantities, and we
need another set of N equations in order to solve for the steady-state prices and quantities.
As in the simplified model, we make use of the goods-market clearing condition. The

market clearing condition for good j is given by:

We thus need to write the right-hand side of the above equation in terms of prices and
quantities. The consumption of good j will still be given by equation (39) in Appendix F
of Atalay (2017). The solution for M;; will, however, depend on 7;, and we make use of

the first-order condition with respect to it, which is given by:

EM EQTEM P EM M EM
Mij = (pi)"@ (M) e Ty (P) nQi " : (C.7)

J

A28



Using equation (C.2), we can substitute in for M; since:

PM —€Q e —1)+1
_ 7 €Q i
M; = ( ) pin; = Q; :

P,

We thus have that:

e@ni—1)+1

€Q
Mi; = (sz‘ o ) pal'sy Py (P ==e P2,

Next, we solve for the investment input purchases by industry 7 sourced from
industry 7. The cost-minimising optimality condition for capital, which equates the rental

price of a unit of capital to its marginal revenue product, is given by:

N ﬁ eQ(n;—1)+1
1 — 6(1 o 6]{) . X ai Q’h%
— | XDIETY| =RA-m)enQ "

j=1

ep—1 €

-1
K\ ' L\
a; 1— a;

Using the cost-minimising solution for the capital-labour bundle given by equation (C.3),

the above equation can be simplified to yield:

1 —14ai(1-eq)

K; 1= 81— 0K) (= x ey ) ¥ et 8
(?@) s (ZFZ‘J‘PJ' m;° Qi (1— ) (P)e.

j=1

(C.8)

Recall that X; = dx K;. Using equation (C.8), we thus have that the cost-minimising

solution for the investment input purchases of industry ¢ from industry j is given by:
P\
_ X J
Xij = XT3 <ﬁ)
= XT3(P) ¥ (P

eQ(n;—1)+1

=TX(P) (1 — w);°Q; " audk

L - A= 6)\ O [
'(T > TP
J'=1

Finally, we can substitute the solutions for C;, M;;, and X;; (given by equation
(39) in Appendix F of Atalay (2017), equation (C.2), and equation (C.9), respectively)

£X71+ai(175Q)
l—ex

(P)ye.  (C9)
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into the market clearing condition for each good j (given by equation (C.6)) to obtain:

eQ(ni—1)+1

N _ 1—B(1—6c.
Qj — Z LinQ; " =&(dc,)™ < il =
=1

s

)> ()G, (C10)

where f‘ji is an auxiliary coefficient (indexed supplier-first) that absorbs the Ff‘f and Ffjf
contributions arising in M;; and X;;. This equation, together with the set of NV equations
given by (C.4), yields a system of 2N equations in 2N unknowns, (); and P; for all
j€{l,..., N}, which we can solve using linear algebra. More specifically, we solve this
system as follows. First, we use equation (C.4) to express (); as a function of prices only.
We then substitute for quantities in equation (C.10) and solve the resulting system of N
equations in N unknowns.

In terms of the steady-state shares derived on page 55 in Appendix F of Atalay
(2017), introducing potentially non-constant returns to scale implies that the first equation
(equation (42) in Atalay’s (2017) Appendix F) will change. To see why, start from the
FOC w.r.t. L; and substitute in the cost-minimising solution for the capital-labour bundle

to get:

co(mi—1)+1 a;(1—eqQ)
1 :P?Qn?Q(l—u-)Q.QT K—l_ﬁ“_ém pPX !
7 7 ? 7 B 7 :

The next two equations (with C; and S¢ on the left-hand side, respectively) are
invariant to the degree of returns to scale. The subsequent equation, with M;;/Q; on the

left-hand side, will change to:

M;; 1 fmi—1+1
< cQ i M p—eym M\epy—e EQ
=5 @ il P (P )M =R P
The equation with X;;/Q; on the left-hand side will similarly change, with (); in the

3

equation Atalay (2017) derives replaced by 7;°Q; . Finally, equations (44) and
(45) on page 55 of Atalay (2017) will remain unchanged regardless of whether n; = 1 for

all 7.

C.2 Log-Linearisation of the Model Equilibrium

We now log-linearise the model equilibrium conditions. Relaxing the assumption of
constant returns to scale will imply the following changes to the log-linear equations

derived in Appendix F.2 in Atalay (2017). First, the equation for the relative price
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between industries j and ¢ will change to:

co—1.  eom—1)+1. 1 1)\ . 1
Q o(ni — 1) Qit+( )

Djt — Dit = a;t + Mg — ——Myjt,
EM €Q

€Q Mi€Q EM

i.e. the coefficient multiplying ¢;; will change. Second, the equation for labour will change

1 tO ‘EQ(m )Jrl.

analogously, with the coefficient multiplying ¢;; changing from o

].A £ z_]- ‘f’]-A
ZS l’t—pzt+ ait"‘u%t
€Ls MiEQ
€ —1A o; — 1 —aieg s
+ o 9 ki + le‘t
€Q €Q

Third, the log-linearised FOC w.r.t. K41 will change similarly to:

1 X B(1—0k) . . eom—1)+1
S - 7 S i S AP AR 3 = Dol + ———
1—B(1— 6K>plt 1—B(1— 5K)pz,t+l Dit+1 o Qi,t+1
co—1.
+ Qi t41
co—1)(1—qy)» a;leo—1)] »
+ (fq — 1)( )li,t—i-l + {—1 + —( 9 )] Kits1-
€Q €Q

Finally, the log-linearised form of the production function will change to:
Qit = N [dit + (1 — SM,i)l%it +(1—ay)(1— SM,i)Zit + SM,imit] .

The remaining equations shown on page 56 in Appendix F.2 of Atalay (2017) will remain
unchanged.

Accordingly, the bottom four equations on page 57 of Appendix F.2 of Atalay
(2017) will change. Let X denote diag(n), where 1 denotes the N x 1 vector of n;’s. Then,
in the equation with m; on the left-hand side, the coefficient on ¢; on the right hand
side will change to % [eq (X — 1)+ I} X7'T,. Similarly, in the equations with - SLZ
and p;¥ on the left-hand side, the coefficient on ¢; on the right-hand side will change to
% [eg (X —I)+I] X! Finally, ¥ will premultiply all terms on the right-hand side in the

last equation (corresponding to the log-linearised production function in matrix form):

G =3 |a,+ ol — Sy)k + (T — o)X = Sa)ly + SyM, |
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where M, = (e — 1)ay + [eq (8 — 1) + I 277G, + (I — SM)p,. Substituting in for M,

collecting the terms involving ¢; on the left-hand side, and solving for ¢; yields:

G =[S = SuleoE -+ 0T [T+ Suleo — 1))a

+ Oé(I — SM)]%t + (I — Oz)(I — SM)lAt + SM€Q<I — S{W)ﬁt] . (C.ll)

We can then plug the above equation for ¢; into the remaining log-linear equations shown
in Step 3 on page 59 in Atalay’s (2017) Appendix F. First, we have that in the equation

involving ¢ and ¢4 (inter alia):

0= 05181 4+ (1= 01586 + (e — 1)SY Tody + SLTo07 kg + SLTH(1 — 631k
+ [EQgﬁTz(I — SM) + emSHITSY — T] + ex SYTSY — Tl]] D

- (I — éﬁTz) (27— Sy eeE D+ [T+ Su(eq — 1))ay

+a(l = Sa)k + (T— )X — Sar)ly + Sueg(T — SM)p, | .

Collecting terms, we have that:
0=05'58¢1 + (I—0;1)5%,
+ [(aQ ~ 13591, - (1 - Sﬁ:@) [ = Sy e —T) + IS T+ Su(eg — 1))] s
4 82507 ey + [S§T2(1 Y (I - Sﬁ:@) S = Sy leo(B—D 4+ (I - SM)} ki,

~{E-587) (57 - Sulo® - D+ IS (- )T - Su)

+ [e0SYTH(I — SM) + £ SLTLSM — TY] + ex SLUTLSY — T4

~(1-58%) [57 - Sw (= - D+ 127 Sueql - 5{”)]@.

We also have the following equation, which is unaffected by the degree of returns

to scale:

P = B — 60)ur — i (1= A1 = 60)) [T+ S¥(ep — 1)] .
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We also have the following equation:

%= [+ 80 = 815K s + 2= a2 =D+ TS e

~eqg— 1. ~ eg— 1)\ » ~ eg—1-
+6 @ at+1+5(—1+oz Q )kt+1+/8(1_@) Q lt—f—l'
€Q €Q €Q
Plugging in for ¢, from equation (C.11), we have that:
S¥pr = B+ B(1 = 610)ST + BSuea(T = S| pusa

[eg—1

+ 56Q€ + O+ Su(eg — 1))} Qiq1
L Q
[~ €Q — 1 ~

+ (5| -1+« E + Oa(I = Syr)| ki
L Q
[~ €Q — 1 ~

+ [B(I—«a) g + O[T —a)(I—Su)| lit

where 0= 2 [5g(S — ) + I 271 S = Sy (S - D) + 271 .
Finally, in the equation involving Zt, we have that:
1 A —1
—SH, = py + L=,
LS £Q
1 1A SQ—l ~ O_/—I—CMSQA
+ — [éfQ(E — I) + I] by qt -+ Oék?t —+ —lt,
€Q €Q €Q

which we can rewrite by substituting in for ¢ using equation (C.11). Letting © =
[ — Sy eo(E — 1)+ 121", we have that:

G =O|(T+ Suleg — 1)) + (T — Sy )k + (T — a)(I — Sup)ls

+ SMEQ(I — S%)ﬁt] , (C.12)
which can be rearranged to yield:

1 —1- 1 }
[_SL _ETETE0 (B D) 4+ EOd - a)(I - SM)] le
€Ls €Q Q

= I+ [eo(E 1) + 1| X7 '0SyeqI — SM)] iy

—1 1 )
b0t L g(s - D + T 0a(T - i)
€Q £Q
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Simplifying the notation, the above equation can be rewritten as:
lAt - Epﬁt -+ Eadt —+ Ekiﬂt (013)

We can similarly simplify the notation in the remaining three equations:

0 = Cléspr + Coty + Cotty + Crr ks + Ciky + Copy + Cily, (C.14)

) ) 1 .

pr = B = 60) ey — 5(1 — BA = 6T+ 5% (ep — 1)]ég, (C.15)
S1Xﬁt = P;rﬁt+1 + Paasy1 + ’Pkffpﬂ + PthJrl. (C.16)

Substituting for /; using equation (C.13) into equations (C.14)~(C.16), we have that:

0= Clérp1 + Coby + [Co + CLLa) Gy + Chihir + [Cr + CLLi] by + [Cp + CIL) s
. . 1 .
pe = B = 6¢)pre1 — 5<I — B = 00)) [T+ S7 (ep — D)]éss1,

S¥pe = [P+ PiLy] pry1 + [P+ Pila] drr + [P + PiLy] et (C.17)

Since we are assuming away durable goods (i.e. ¢ = 1), we have from equation
(C.15) that ¢4, is given by:

éry1 = —ep[I+ 5% (ep — )] 'pe. (C.18)
Plugging in for ¢;,; above, we have that:

0 = Cety + [Ca + CiLa) s + Crihrsr + [Cr + CLy) Ky
+ [—epCe[I+ 57 (ep — )] + Cp + CiLy] B

The log-linearised equation for consumption as a function of prices and demand

shocks is:"?

A ) =1 .
¢ =d, —ep [I + 5% ep — 1)] Dy (C.19)
By substituting out ¢; using the above equation, we obtain:

0 = Cody 4 [Co + CiLa] Gy + Crypkir + [Co 4+ CLLk] ky
+ [—ep (C+C) T+ SF(ep — )] 7" + Cp + CiLy) Py (C.20)

YFor a derivation of this equation, see page 72 in Appendix F in Atalay (2017).
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Note that equations (C.17) and (C.20) can be written in matrix form as:

ﬁt+1 _ \Ilpp ‘Ilpk ﬁt ¢pa ‘Ilpd dt
ki1 Wi, Wrr| |Fe Dy Wpa| |di|

where the multiplying matrices (in bold) are defined by solving equations (C.17) and
(C.20) for pyyq and l;'tﬂ, respectively, in terms of /%t, Pr, and the shocks (a; and czt) Using
the Blanchard-Kahn decomposition, one can obtain the following two equations (see
Appendix F.4 in Atalay (2017)):

. R a

kiv1 = Mgk + My, Mgal [c{] ; (C.21)
t

ay

=5 ko — UL ook, — 5 B (C.22)

t

By substituting for k., in equation (C.22) using equation (C.21), we can express p; as a

function of the state variable, /%t, and the shocks, i.e.:
pr = Prky + Puiy + Poyd,. (C.23)

Next, by substituting for /; in equation (C.12) using equation (C.13), we obtain
¢; as a function of l%t, pt, and the shocks. We can then in turn plug in for p; (using
equation (C.23) above) and express ¢; also solely as a function of the state variable, l%t,
and the shocks:

(jt - (ﬁkzl%t + éa&t + (ﬁddtv (024)

where the matrices in bold depend (non-linearly) on model parameters only. Taking
differences on both sides of equation (C.24) and denoting Ad, by w?* and Ad, by w?, we

can derive the equation for Ag; in the top row of equation (13) in the main text:

AGy = ®pAky + Bow + Bl (C.25)

C.3 Deriving the log-linearised equation for value-added
By definition, nominal value-added in industry ¢ in period ¢ is given by:

V Ay = PyQir — My Py (C.26)

Recall that the intermediate input bundle, My, is given by equation (3) in the main text.
Recall also the first-order condition with respect to M;; derived in Section C.1. Adding
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time subscripts to that equation and re-introducing shocks (which are normalised to unity

in steady state), we have that:

i P, 9" / 1.\ 70 ey
N v e ILLZ Q z QM
= () e (1) e, |
J )

_1
Pre-multiplying both sides by (I'}f) , summing over all suppliers j € {1,..., N}, and
raising the resulting sums on both sides to the power of €)//(ep — 1), one obtains the

following equation:

My = PM(Ai) =@ (M> M |n:Q; " (P )M,
it
which can be rewritten as:
Pi €Q . . EQ(nifl)H
M, = (P_M) (A) 0 puim; °Qy ™ . (C.27)
it

Using the above equation, we can substitute in for M;, in equation (C.26), which gives:

pM e | ey ez
1 - (L> (Ai) @ ;2 Q™ :

VA= PaQut |1 - (5

Therefore, real value-added of industry 7 in period t (Vj;) is given by:

VA pM\1ee L, cemThiiom
Vie = P, - = Qi [1 - (P%t) (A) @ ;% Q™ . (C.28)

In order to log-linearise equation (C.28), we can rewrite it as:

‘/; PZM 1—eq ~ EQ(Wi*1‘)+1*7li
e (B g
it 7

which can in turn be rewritten as:

1—¢ coni—DH+1—n; [eqn—1)+1-n;\ .
- R PM Q . . R Q" 4 ( Q" i .
Vi elit—=dit — 1 _ ( i 6(1*€Q)(pf\{[*pn)e(ergfl)aitumf@Qi 7 e 7 e

Qi b

To proceed, we make use of the standard calibration target adopted by Atalay (2017),
Vi/Qi = 1 — p;,*° together with the approximation that e® ~ 1 + 2 when x is small. We

20Under decreasing returns to scale, this calibration imposes a non-trivial steady-state restriction; see
equation (C.29) below. The interpretation is that u; is defined as the data target 1 —V;/Q; at the long-run
average; the production-function parameter is then identified jointly with the rest of the steady-state
system. In the constant-returns-to-scale limit (n; = 1), this collapses to the familiar identification of u;
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thus get:

PM 1—eq u
(T =) (L + i — Gue) = 1 — < 2 ) [1 + (1 —<q) (pis _ﬁit)}

eQ(ni—1)+1-m,
e e — 1) +1—n .
1+(dn ) n)%l

Q" (1+ (e — V)au) 0

Next, using the approximation that Z;7; ~ 0 for any z; and y; denoting (log) deviations

of x; and y; from their steady-state values, we obtain:

M eQ(ni—1)+1-—n;

P» 1—EQ
(L= pa) (L4 0 — Gae) = 1 — ( ;3 ) pin Q"

olilrion), ]

' [1 + (1 —eq) (i —Pu) + (e — 1)au + < 77' it

Note that in steady state—in which all of the variables with a hat in the above equation

equal zero—we have that:

pM\ 75 cQUni=DH1-m;
i € i

Equation (C.29) is the steady-state restriction that the calibration imposes: given pu;, n;,
and £¢, it pins down the steady-state ratio P /P; jointly with the rest of the steady-state
system in (C.4)—(C.10). In the constant-returns-to-scale limit (7; = 1), the exponent on
Q; is zero and the equation reduces to (PM/P)'~%@ = 1, i.e. PM = P, in steady state
(provided e # 1), recovering the calibration in Atalay (2017). In the special case g = 1
combined with non-trivial DRS, equation (C.29) collapses to n; = 1, so the calibration is
non-degenerate only when ¢ # 1—a feature that is consistent with our preferred (and

robustness) calibrations of €g. Therefore, cancelling out the steady-state terms, we get:

pM cQmi—D+1-m;

‘ l—eg
(1 — ) (0ir — Gie) = — ( ]ZD > pini Q"

5@(77i—1)+1—m) . 1
qit | -

'k—%mw>@JH%—”%+( i

Taking value-added on the left-hand side, we finally obtain:
R ) RM 1—eq i o EQ(nrnll)Jrlfni
Uit_Qit_<B) 1_Mi7h Q;

: [(1 —e0) (BM — pi) + (g — V) + (59(7” - 1771+ L= ”") qit} . (C.30)

with the empirical intermediate revenue share.
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Note that in the presence of constant returns to scale (n; = 1), equation (C.30) becomes:

Hi
L —p

Vit = Git — [(1 —£qQ) (ﬁ% - ﬁit) + (eq — 1)5%:] .

In matrix form, we can write equation (C.30) as:
@t = Vqét + Vpﬁt + Vadty (C31>

where we use the relationship between the vector of output prices and the prices of
intermediate input bundles in each industry.

Recall from equations (C.23) and (C.24) that both ¢; and p, can be expressed as
functions of l%t and the shocks only. Therefore, we can substitute for ¢, and p; in equation
(C.31) to express value-added as a function of k; and the shocks. In other words, one

obtains:
by = Vike + Vaay + Vd,. (C.32)
As long as V,;l exists, we can equivalently write the above equation as:
k= Vito, — VitV,a, — Vi 'Vad,. (C.33)
We thus have that one period ahead:

b1 = Vikeor + Vaag + Vadig
=V (Mkk]%t + Myqa; + Mkdczt) + Va1 + VddAt—i-la

where we make use of equation (C.21) in the second line. By plugging in for %, in the above
equation using equation (C.33), we therefore obtain 04,1 as a function of the shocks at time
t+1 (G441 and Jtﬂ), the shocks at time ¢ (G; and cft), and 7;. Taking differences on both
sides of this resulting equation, we obtain the top row of the VARMA(1,1) representation

in Section 3.4 of the main text:

5 A Wit o o | Wi
Avt—l-l = VUAUt + [Va Vd] D + [Va Vd] pl- (034)
Wit1 Wi

Starting from equation (C.23) for the vector of prices, p;, and following the analogous steps
shown above for the vector of value-added (in equation (C.32)), we obtain the bottom
row of the same VARMA(1,1) representation.
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C.4  Deriving the log-linear equation for outdegrees

The first-order weighted outdegree of industry j at time ¢ is defined by:

N
out __ E : .
Djt _— wz‘]t.
i=1

Log-linearising the above summation, we have that:
w
jout __ B o
djt = § _unt Wijts
i=1 J

where
Wijt = Myje + Pjr — Mg — 15%
We can thus show that
& = H 1y — ToM, + Ty, — Top)’| |

where Hy« n2 is the selector matrix that maps the stacked input shares into outdegrees.
Specifically, with 1, stacked consumer-first (consumer index running slow, supplier index
running fast), the j-th row of H has w;;/D§"" at positions (i — 1)N +j fori=1,..., N

and zeros elsewhere (steady-state values of input shares and outdegrees). Note that above:

miie
myog
A N ~M
. mit D1t D1y
mine ~ A ~M
A ML — Moy .| P2t M | Pot
my = 9 t — 9 pt - ) pt - )
M1
A~ A M
. Mt PNt Pnt
e Nx1 Nx1 Nx1
LT NNt

N2x1

where the multiplying matrices are given by 77 = 1y ® Iy and T; = Iy ® 1y, where 1y is
the N x 1 vector of ones, Iy is the N x N identity matrix, and ® denotes the Kronecker

product.?!

21Under the consumer-first stacking adopted here (consumer index i runs slow, supplier index j runs
fast), Th = 1y ® Iy takes an N-vector indexed by suppliers and broadcasts it across the consumer
dimension, so that entry (i — 1)N + j of T1p; equals pj;. Conversely, To = Iy ® 1y takes an N-vector
indexed by consumers and broadcasts it across the supplier dimension, so that entry (i — 1)N + j of Thay
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Under the assumption of constant returns to scale, the log-linear equation for

the vector of intermediate input bundles in each industry is given by:??

. e R g R g ~ ~
my = —M(€Q — DThay + —MT2Qt + (1 — —M) ToM; + e [T — Thlps.
€qQ €qQ €Q

Instead, allowing for potentially non-constant returns to scale, we will have that:

R € R € . € ~ R
My = %(gQ — 1)Tha, + %Tg o —T)+ 171G + (1 _ %) ToM, + e[ Ts — Th]ps.

(C.35)
Recall from above that the N x 1 vector of intermediate input bundles (Mt) is given by:
M, = (eg — Day + [e0(Z — 1) + I 271G, + (I — SM)p;.

Substituting in for M, in equation (C.35) and simplifying, we have that:

N R 1. g "
i = (cq — 1)This + To [0(E — 1) + 1 5, + Kl _ —Z) coTo(I = SM) + e [T — 1] .

By definition, we have that:

ot = H [mt — TyM, + Tip, — TopM } (C.36)

N2x1

Substituting in for 7, M, and pM (which, by definition, equals SMp,), we have that:

d;)ut =H |:(€Q — 1)T2€Lt + TQ [SQ(E — I) + I] E_l(jt + <(1 — E—Z) EQTQ(I — Si]w) + €M[T2 — Tl]) ﬁt:|

—-H [(562 — 1)1, + T [eo(X — 1) +1 S+ eqTo(I— S{V[)ﬁt] +H (Tl — TQS{W) D
which can be further simplified to yield:

~ £ ~
ot = H [(1 — %) eI — S +em(To — Th) — e — S + (Th — TzslM)] Dy

= Dj.. (C.37)

Therefore, as equation (C.37) shows, the relationship between outdegrees and prices is
independent of the returns to scale. This was also the case in the simplified model in
Section 3.2.

Finally, recall from equation (C.23) that we can express the vector of prices, py,

equals ag¢.
22For a derivation of this equation, see page 57 in Atalay (2017).
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as a function of the state variable, l;t, and the shocks. By substituting for p; into equation
(C.37), we can obtain an equation for the outdegrees as a function of the state variable

and shocks only, shown as equation (14) in the main text:

& =D [Pyl + Pyity + Pad .
Ad™ = D Ak; + Dyw + Daw?. (C.38)

C.5 Deriving the log-linearised equation for Domar weights

We follow Atalay (2017) in normalising steady-state aggregate labour to L = Zi\; L;=1
(so that, equivalently, L'/*ts = 1).22 Under constant returns to scale, profits vanish
and this normalisation follows directly from the household’s labour-supply FOC; under
decreasing returns to scale, it is an explicit calibration choice that, combined with the
FOC LYets = W/Y (where Y = WL+ 5K + Zfil I1; is total household income), pins
down the steady-state ratio W/Y to unity. Because steady-state labour rather than the
aggregate price index is the numeraire, the latter cannot also be normalised. By definition,

nominal GDP is given by:
N
NGDP, = PyiVy.
j=1

where Vj; is the value-added of industry j and Pj; the corresponding output price of

industry j. In log-linear terms, this is equivalent to:

. N P.V:
NGDP, = Z o (Dje + 0jt) -
j=1 Zj’:l Pj'vj’

We can write this as
@Pt =N (pr + ),

. P;V;
where N is a 1 X N row vector that has =22
j'=1 Pj’ Vj/

Now, recall that the Domar weights are given by \;; = P;Qj;/NGDP,. The

log-linear approximation to the deviations of Domar weights from their steady-state values

in the j-th column.

is given by:

S\t = ﬁt -+ th — N/GFPt * L, (039)

23Note that the simplified model in Appendix B.1 normalised the consumer price index instead; for
the dynamic baseline model we normalise labour, following Atalay (2017).
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where @Pt denotes the log-deviation of nominal GDP from its steady state, and ¢
denotes the N x 1 vector of ones.
Therefore, we have that A= P+ G — N (p; + 0,), where N = (N is the N x N
matrix obtained by stacking the row vector N vertically NV times. This can be written as:
S\t — (I—N)ﬁt—Fth—N’IA)t

Using equation (C.31), we can express the Domar weights as:

A= (I-N- Nv@pt +£I — qulqt —5&@.

.

TV TV
2, Q, Qa

We want to express the Domar weights in terms of the state variable (capital)
and shocks only. We have that:

5\t = Qpﬁt + Qq@t - Qa&t
= @ [Py + Pody + Pady | + Q@4+ By + Bady| — Qi
= Ak]%t + Aa&t + Addt'

Taking differences on both sides, we obtain the bottom row of equation (13) in Section
3.3:

AN = A Ak + Aw? + Al (C.40)
C.6 Deriving the log-linearised equation for labour
From the bottom of page 60 in Atalay (2017), we have that:
I, = ®Lk, + ®La, + ®Lp,.
Substituting in for p, using equation (C.23), we have that:

lAt == q)ilift + i’gdt + @}l; Pkiﬁt + Padt + PdCzt

= Lyky + Loay 4 Lad,. (C.41)
One period ahead:

Zt+1 = Lkl%t-i-l + Lga1 + LdCZt+1
=Ly (Mkkl%t + My, + MdeZt) + LoGi1 + LdCZt+17
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where we make use of equation (C.21) in the second line above. As long as Ly, is invertible,
we can solve for k; using equation (C.41) and substitute k; from the above equation to

obtain:
I =Ly (Mkk [L,;ll} L Lo — L,;ldeit] + Myady + Mkddt> 4 Ludier + Ladpsr,
so we finally get:
AZtH = LAl + Lawﬁrl + det[jrl + f;awf + idth. (C.42)

This corresponds to the bottom row of the labour-VARMA filter (18) in Section 5.1 of

the main text.

C.7 Deriving estimates for ¢,

In this section, we estimate €;;. Before we proceed more formally in estimating €,,, recall

from equation (8) in the main text that w;j; = I'}f pz-lij , where p;j; == Pj;/P}'. As long

M
to obtain:

and p;j; are all positive, we can take logarithms of both sides of this equation

log w;j; = log Ff\f + (1 —enr) log pije- (C.43)

Clearly, there will be some industry ¢ that does not source any inputs from industry j, so
') = 0. This logarithmic transformation is thus applicable only to those nontrivial (i, ;)

pairs from which we would aim to identify ,,. Given a sample of T" observations, we have

Zle (log Wijt — log wij)2

T 2
log piji — 108 pi;
i (1= ey 21— (10g pije —log pij) (C.44)

T -1 ’

where logw;; and logp;; denote the time averages of logw;;; and log p;;;, respectively.
Denoting the two sample variances by 6%(logw;j;) and 62(log p;;:), this equation can be

written as

& (log wije)
1 —ey)? = —2"22 C.45
( ) o(log pijt) ( )
as long as 62(log piji) > 0.
Since the objects on the right-hand side are observable from the data, we can
back out ), on the left-hand side. Our analysis suggests that the empirical distribution
of the ratio on the right-hand side of equation (C.45) is right-skewed and has a mean

(median) equal to around 0.37 (0.26).>* Assuming that ey, > 0, this implies that the

24We make use of the supply and use tables as well as data on industries’ deflators; see Appendix A.1.
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value of ) corresponding to the mean (median) of this distribution equals 0.40 (0.50).
The estimated value of 3, of 0.35 in our preferred specification (presented below and
reproduced in Section 4.1 of the main text) is very close to 0.4, which we obtained in a
cruder fashion using equation (C.45). We thus set ), equal to 0.35. We calibrate the
remaining elasticity parameters following Atalay (2017).2°

We now estimate £); more formally. As in Atalay (2017), we use industries’
first-order condition with respect to intermediate inputs, and exploit their heterogeneous
(direct and indirect) exposures to military spending, which we use to construct the
instrument that overcomes the endogeneity of prices in the first-order condition. The
cost-minimisation condition of the industry ¢ representative firm gives the relationship
between the share of intermediate inputs from industry j in industry 7’s total intermediate

consumption:

Py M;j it
sw () o -t () oo

Intuitively, assuming that military spending on industries’ intermediate inputs is exogenous

renders it a valid instrument, since it will be uncorrelated with the regression error term
(ije).

Table C.1: Regression results related to equation (C.46)

Second stage (1) OLS (2) OLS, Year FE ~ (3) IV~ (4) IV, Year FE
EM 0.680*** 0.680*** 0.273*** 0.345**
(0.015) (0.015) (0.266) (0.263)
First stage: Dependent variable is Alog(Pj:/PjT).
military spending shock;; 0.331*** 0.385***
(0.033) (0.050)
military spending shock; -0.205*** -0.185***
(0.029) (0.032)
military spending shock;¢s suppliers -0.051%** -0.045***
(0.011) (0.012)
N 35343 35343 34623 34623
Adjusted R? 0.013 0.014 . .
Wu-Hausman test p-value 0.124 0.204
Cragg-Donald Statistic 37.968 38.593
Year Fixed Effects No Yes No Yes

Notes: Statistical significance: * p < 0.10, ** p < 0.05, *** p < 0.01.

Table C.1 shows the results of our estimation using UK data. OLS yields

25Unlike in the baseline calibration in Atalay (2017), the value of £ estimated or calibrated in a few
other recent papers has tended to be somewhat smaller than 1. For example, Peter and Ruane (2023)
estimate a value of 0.6 for the US, and Baqaee and Farhi (2019) use 0.5. Our results are generally robust
to an alternative calibration with eg = 0.5. Our results are similarly robust to reasonable alternative
(non-unitary) calibrations of e p—see Appendix D.
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estimates of €5, around 0.68, though these estimates are inconsistent insofar as Pj/ P} is
endogenous in equation (C.46). IV estimation—which uses, in the first stage, three sets of
instruments based on industries’ heterogeneous exposures to UK military spending—yields
estimates of €); between 0.27 and 0.35, depending on whether year fixed effects, ¢, in
equation (C.46) are included or not. All instruments are significant at the 1% level and
the second-stage estimate of ¢, is significant at the 5% level in our preferred specification,

allowing for year fixed effects.

C.8 Effects of own sector shocks

Although shocks transmit through the production network, the majority of variation in
value-added and prices will result from industries” own shocks. To understand further the
patterns in Figure 3 in the main text, it is therefore instructive to focus on ‘own-effects’
of shocks. Figure C.1 shows the contemporaneous responses of our size and centrality
measures to a positive 10% technology (or preference) shock for each industry.?6:?" As
in the simplified model in Section 3.2, both technology and preference shocks that are
positive raise own real output. Domar weights increase in the face of own preference
shocks, and generally fall in response to own technology shocks. Finally, outdegrees
strongly fall in response to technology shocks, and increase (though to a lesser extent) in
response to a preference shock. As industries’ own shocks account for the bulk of variation

in own size and centrality, these patterns thus help explain the results shown in Figure 3.

Figure C.1. Contemporaneous effect to a +10% own technology/preference shock

30 T e 20 T I=G R e 10 eI
[ 1 TFP shock
25 | e  Preference shock | | 15 | ° o ,0"‘ .. o..f
L]
) —~
[N (0]
S 8 2
8 S s
S R o
< ot g
S < [}
o T 3
= [y}
T - <
o) @ g
T g o}
a
2-digit SICO7 industry 2-digit SICO7 industry 2-digit SICO7 industry

26We focus on the contemporaneous effects of shocks since the dynamics of the model feature relatively
low persistence. Introducing capital adjustment costs in the model, for instance, would allow for greater
persistence in the dynamic responses to shocks.

27 Although a 10% shock is reasonable given the size of filtered innovations, scaling is not our concern
since we want to illustrate the qualitative effects of these shocks; the effects of shocks are linear in the
size of the shock.
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D. Robustness Analysis for Section 4

In the static model, the implied size-centrality relationship—as a function of supply and
demand shocks—depends crucially on the value of ¢;;. Specifically, as long as ), was
less than 1, the static model suggested supply-side shocks would move real output and
centrality in opposite directions, unlike preference shocks. By varying the value of ¢,
and filtering out the resulting sets of shocks (keeping other model parameters the same
as in our baseline calibration), we find that the same result holds true in the estimated
dynamic model (see Table D.1). With 5, > 1, the effects of shocks on the size-centrality
relationship generally flips sign. Although the size-centrality relationship in the data is not
a targeted moment in the model filter, we nonetheless find that our baseline calibration
matches it better than alternative values of £;; shown in Table D.1. In Table D.2, we show
that changing two other key parameters (¢g and €p) does not change our fundamental

findings about the effects of shocks on size and centrality.

Table D.1: Implied Size Centrality Relationship in Dynamic Model Under Different
Values of ), vs. Empirical Data Counterpart for the UK

Implied Size-Centrality Relationship Elasticity of Substitution Across Intermediates (as) Data
0.1 0.2 0.35 0.5 0.8 1 1.5
(baseline)
corr(d;™?, ,), all shocks 0.03 0.0 0.00  -0.05 -021 -0.14 -027 | 0.12
m(d;’“ A¢), all shocks 031 0.7 0.23 013 006 011 -043| 0.17
"’c’&ﬁ(’afifgﬁ*’ Gt), only technology shocks | -0.49 -0.54  -0.67  -0.70 -0.77 -0.76 0.03 | na.
corT(do*t, \;), only technology shocks | 0.73  0.69 0.58 0.46 -0.04 -0.45 0.66 n.a
~corr(dg™, gy), only preference shocks | 0.89  0.88 086 084 081 075 -059| mna.
corT(do™t, \;), only preference shocks | 0.92  0.91 0.90 0.90 0.88 0.84 -0.81 n.a.

Notes: ci{,’“t denotes producer centrality, ¢; denotes real gross output, and A; denotes Domar weight (all in
terms of steady-state log deviations).

Table D.2: Implied Size Centrality Relationship in Dynamic Model Under Different
Values of €g and ep vs. Empirical Data Counterpart for the UK

Implied Size-Centrality Relationship Value of eq Value of ep Data
0.5 1 1.3 0.8 1 1.3
(baseline) (baseline)

corr(d9“t, g;) given all shocks -0.18 0.00 0.19 | -0.05 0.00 -0.02 | 0.12
GorT(d?Ut, A;) given all shocks 0.06 0.23 0.41 | 0.21 0.23 0.25 | 0.17

-~ orr(dj™, gy) given only technology shocks | -0.78  -0.67  -0.52 [ -060  -0.67  -0.71 | na.
corr(d"“t S\t) given only technology shocks | 0.61 0.58 0.49 | 0.76 0.58 0.19 n.a

~ corr(d9™, g,) given only preference shocks | 0.96 0.86  0.84 | 087 086 0.83 | na.
m(dﬁ“t, S\t) given only preference shocks | 0.97 0.90 0.90 | 0.91 0.90 0.90 n.a.

Notes: d$“t denotes producer centrality, ¢; denotes real gross output, and \; denotes Domar weight (all in

terms of steady-state log deviations).
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E. Additional Results for Section 5

In the main text, we argued that the value of €, is key in determining the effect of
shocks on the size-centrality relationship. Here, we find that our baseline results around
the contributions of shocks to the UK’s productivity growth puzzle are largely robust to
varying €, (Table E.1). The exceptions are that we find that common and finance-specific
shocks generally tend to become more important in explaining the puzzle as €); increases.
This is to be expected, as when £, is higher, the model filter is more likely to attribute
common variation in industries’ productivity dynamics to common factors (as it is easier
to substitute away from idiosyncratic sources of variation). Importantly, as the most
central sector in the economy, shocks to the financial sector act much like common shocks
(i.e., it is difficult to substitute away from them, even with a high €,,). That said, the
ability of the model to match the aggregate productivity growth in the data generally
falls meaningfully as e, rises above 0.5. In Table E.2, we show that changing two other
key parameters (e and £p) does not change our fundamental findings about the drivers

of the UK’s productivity growth slowdown.

Table E.1: Contributions of Sector-Specific/Common Shocks to UK’s Post-2010
Productivity Growth Puzzle for Different Values of ¢,

Contribution to Productivity Elasticity of Substitution Across Intermediates (eas) Data
Growth Puzzle 0.1 0.2 0.35 0.5 0.8 1 1.3
(baseline)

Manufacturing-specific shocks -0.63 -0.65 -0.65 -0.60 -0.66 -0.57 -0.31 n.a.

Finance-specific shocks -0.03 -0.03 -0.04 -0.07 -0.08 -0.11 -0.16 n.a.

Other sectors’ specific shocks 0.30 0.30 0.30 0.41 035 055 0.23 n.a.

Common shocks 0.12  0.13 0.13 -0.01  0.10 -0.13 -0.22 n.a.
~Total growth puzzle | 024 -024  -026  -0.27 -0.28 -0.27 -0.46 | -0.18
~ Correlation of model-implied aggregate | 0.79 078 077 0.75 070 0.62 025 | mna

productivity growth and data counterpart

Notes: All other model parameters set according to the baseline calibration, shown in Table 2 in the main text.

Table E.2: Contributions of Sector-Specific/Common Shocks to UK’s Post-2010
Productivity Growth Puzzle for Different Values of e and €p

Contribution to Productivity Growth Puzzle Value of eq Value of ep Data
0.5 1 1.3 0.8 1 1.3
(baseline) (baseline)

Manufacturing-specific shocks -0.54 -0.65 -0.66 | -0.65 -0.65 -0.66 n.a.

Finance-specific shocks -0.00 -0.04 -0.09 | -0.02 -0.04 -0.06 n.a.

Other sectors’ specific shocks 0.15 0.30 0.40 | 0.35 0.30 0.25 n.a.

Common shocks 0.15 0.13 0.09 | 0.16 0.13 0.12 n.a.
Total growth puzzle | 024  -026  -0.26 | -0.15  -0.26  -0.35 | -0.18
~ Correlation of model-implied aggregate | 0.76 077 074 | 075 0.77 076 | na.

productivity growth and data counterpart

Notes: All other model parameters set according to the baseline calibration, shown in Table 2 in the main text.
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Figure E.1. Contributions to the Growth Puzzle: Sectors vs. Sectoral Shocks (Dashed)
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Figure E.2. Robustness of Baseline Results in Figure 7 in Alternative Parametrisations
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